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Abstract

The description of the ground-state properties of solids has reached maturity with the

development of first-principle techniques in recent years, especially the prediction of the

structural and electronic properties of complex electronic systems. However, aspects of

the response to external perturbations remain to be explored, partly because of the much

larger computational cost compared with ground-state calculation. Herein, we study, de-

velop, and implement the linear response and nonlinear response formalism based on the

Kubo approach from a first-principle Wannier Hamiltonian in periodic solid systems, es-

pecially the topological semimetal and noncollinear magnets. We calculate in detail the

charge current, spin current, and photocurrent driven by an external electrical field, tem-

perature gradient, and laser radiation in the linear and nonlinear regiome—i.e. in linear

response: anomalous Hall effect, spin Hall effect, spin Nernst effect, and spin-polarised

charge current; in nonlinear response: nonlinear Hall effect, Berry dipole, and photogal-

vanic effect under linearly and circularly polarised light in detail. Several detailed studies

are presented into different transport properties of solid systems, including topological

materials with unconventional low-energy quasi-particles, e.g. Dirac or Weyl points, and

noncollinear coplanar antiferromagnets.
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1 Introduction

1.1 Background

Solids are typical many-body systems containing nearly 1023 ions and even one order-of-

magnitude more electrons. Although the underlying physical laws governing the properties

of such a system are known, to obtain the desired quantities one has to solve a large

set of coupled equations in the form of the relativistic Dirac equation or nonrelativistic

Schr̀‘odinger equation. As indicated by Dirac’s famous saying, the exact applications of

these fundamental laws to solids always lead to massively complicated equations, which

are generally not solvable by the most powerful supercomputers. Thus, the development

of approximate methods is key in condensed matter physics.

Density functional theory (DFT) is the most widely used method for the investigation

of the ground state (magnetic structure, electronic structure, etc.) of many-body sys-

tems, which is discussed in detail in Chapter 2. In addition to the static properties, the

study of dynamic transport phenomenon is one of the most important driving forces of

modern physics. With the ground-state wavefunction from first-principle calculations and

perturbation theory, one would be able to calculate the susceptibility of the system to an

external driven field, such as the the electric and magnetic field, temperature gradient, or

optical radiation as shown in Fig. 1.1. These three types of external perturbations are

studied throughout this work, typically on Weyl semimetals (WSMs) with monopoles of

Berry curvature.

Despite the well-developed quantum and semiclassical theory of response phenomena,

the huge Hilbert space of the first-principle wavefunction basis makes it time-consuming to

calculate even the intrinsic Hall conductivity in real materials. There is a need to develop

theoretical approximations and efficient numerical algorithms for a good description of the

realistic response phenomenon. In the present work, we mainly study the Berry-phase-

related linear and second-order response to a relativity low-amplitude driving field, which

would not move our system far away from the equilibrium state, i.e. in the valid region of

perturbation theory. Our target systems are topological semimetals with unconventional

1



1 Introduction

Figure 1.1: (a) (2+1) D band structure of a pair of Weyl nodes, (b) Charge and spin
current under external electric field, (c) Charge and spin current under
external temperature gradient, (d) Second Harmonic generation and DC
photocurrent from optical radiation.

low-energy quasi-particles and noncollinear antiferromagnetic materials.

1.2 Linear response theory and Berry curvature

The response of metals to external electric fields can be described well by linear response

theory, in which the response of the system is linear in the applied field. In this section, we

derive the quantum mechanical Kubo formula and the semiclassical equations for electron

motion, further we present the expression for anomalous Hall effect and spin Hall effect in

terms of Berry curvature.

1.2.1 Linear response Kubo formula

We start from a quantum system described by the (time-independent) Hamiltonian Ĥ0.

Further, the expectation value of a response observable (described by the operator Â) can

2



1.2 Linear response theory and Berry curvature

be evaluated as [?]:

⟨Â⟩ = 1

Z0

Tr[ρ̂0Â] =
1

Z0

∑
n

⟨n|Â|n⟩e−βEn

where Z0 = Tr [ρ̂0] is the partition function expressed by the density matrix ρ̂0 = e−βĤ0 =∑
n |n⟩⟨n|e−βEn

After applying the external perturbation F̂ (t), we obtain the time-dependent Hamilto-

nian Ĥ(t) = Ĥ0 + F̂ (t), and the evolution of density matrix is

iℏ ˙̂ρ(t) = [Ĥ0, ρ̂(t)] + [F̂ (t), ρ̂(t)] (1.1)

As the time-dependent wavefunction |n(t)⟩ is given by Schrödinger equation iℏ∂t|n(t)⟩ =
Ĥ(t)|n(t)⟩ and we assume F̂ (t) is a weak external perturbation, only the lowest order of

wavefunction (nD(t)) is required from the interaction picture (Dirac picture). The relation

between two pictures is given by

|n(t)⟩ = e−iĤ0(t−t0)|nD(t)⟩ = Û−1
0 (t, t0)|nD(t)⟩,

and t0 is the time that the two pictures are identical, here we set t0=0 for simplicity. The

operators in the Dirac representations are related to the Schrödinger representation via

F̂D = e
i
ℏ Ĥ0tF̂ e−

i
ℏ Ĥ0t = Û0F̂ Û

−1
0 (1.2)

In the lowest nontrivial order (linear) of external perturbation F̂D(t), one has

ρ̂D(t) = ρ̂0 −
i

ℏ

∫ t

−∞
dt′[F̂D(t

′), ρ̂0]. (1.3)

Here ρ0 is the density matrix of unperturbed Hamiltonian, and thus identical under two

representations. Then we have the first order density operator in Schrödinger representa-

tion as

ρ̂(t) = ρ̂0 −
i

ℏ

∫ t

−∞
dt′e−

i
ℏ Ĥ0t[F̂D(t

′), ρ̂0]e
i
ℏ Ĥ0t

= ρ̂0 −
i

ℏ

∫ t

−∞
dt′Û−1

0 [F̂D(t
′), ρ̂0]Û0.

(1.4)

Finally, we obtain the Kubo formula in the Dirac representations, which determines the

3



1 Introduction

mean change of response observable Â(t) from cyclic properties of trace as:

δA(t) = ⟨Â(t)⟩ − ⟨Â0⟩ =Tr[ρ̂(t)Â]− Tr[ρ̂0Â]

=− i

ℏ

∫ t

−∞
dt′Tr([F̂D(t

′), ρ̂0]Û0Â(t)Û
−1
0 )

=− i

ℏ

∫ t

−∞
dt′Tr(ρ0[ÂD(t), F̂D(t

′)])

=− i

ℏ

∫ t

−∞
dt′⟨[ÂD(t), F̂D(t

′)]⟩0

(1.5)

Here, ⟨⟩0 is the mean value of the unperturbed Hamiltonian, which involves only the equi-

librium wavefunctions of Ĥ0. With the Kubo formula, the linear response of an observable

Â caused by a perturbation F̂ can be determined with the knowledge of equilibrium Hamil-

tonian H0. In our case, the H0 for a real material is obtained from DFT and Wannier

approach.

The Eq. 1.5 shows that the correlation function of Â and F̂ describes the linear response

of an observable Â due to the perturbation coupled to F̂ . Since a physically meanningful

result is obtaind only if the F̂ is turned on adiabatically: F̂ (t) = e(ϵ/ℏ)tF̂ , with ϵ a positive

infinitesimal, and the response would be evaluated at t = 0. For simplicity, we also evaluate

the density operator in zero temperature as ρ̂0 = |Ψ0⟩⟨Ψ0|, with |Ψ0⟩ as the groud state

of Ĥ0. Since Ĥ0 is non-interacting, Ψ0⟩ is the Slater determinant of the single-particle

wavefunctions |i⟩ (i = 1, .., n). Thus Eq. 1.5 is expressed as:

δA(t) = − i

ℏ

∫ 0

−∞
dt′e(ϵ/ℏ)t

′∑
n

f(En)⟨n|ÂF̂D(t
′)|n⟩ − ⟨n|F̂D(t

′)Â|n⟩ (1.6)

where f(En) is the Fermi-Dirac distribution and En is the energy of |n⟩. Since Ĥ0|n⟩ =
En|n⟩, we have Û0|n⟩ = e

i
ℏEnt|n⟩. By inserting

∑
m |m⟩⟨m| = 1 and perform the integral

over time domain, we would obtain

δA = − i

ℏ
∑
n,m

(f(En)− f(Em))⟨n|Â|m⟩⟨m|F̂ |n⟩
∫ 0

−∞
dt′e

i
ℏ (Em−En−iϵ)t′

= −
∑
n,m

(f(En)− f(Em))

Em − En − iϵ
⟨n|Â|m⟩⟨m|F̂ |n⟩

(1.7)

For the evaluation of Eq. 1.7, we only need to know the Hamiltonian of unperturbed

system. Since the most interested external perturbation is electrical field in this thesis, we

4



1.2 Linear response theory and Berry curvature

derive the general Kubo formula for the response to the DC electrical field. Here F̂ = eEr̂,

with e, E, r̂ stand for elmentary charge, electrical field amplitude, and position operator.

The position operator r̂ and velocity operator v̂ have the relation as v̂ = i
ℏ [H, r̂], and the

matrix elements of position operation can be written in terms of velocity operator

⟨n|v̂|m⟩ =
i

ℏ
(En⟨n|r̂|m⟩ − Em⟨n|r̂|m⟩)

⟨n|r̂|m⟩ =− iℏ
⟨n|v̂|m⟩
En − Em

(1.8)

In the end, we find the δA for the the external electrical field E as

δA = −iℏeE
∑
n,m

(f(En)− f(Em))

(Em − En − iϵ)(En − Em)
⟨n|Â|m⟩⟨m|v̂|n⟩ (1.9)

As the response properties of real materials largely depend on disorder and impurities, it

is necessary to express the Kubo formula in terms of Green’s functions (see Appendix A of

Ref. [36] for the detailed derivation). Here, we use the so-called constant Γ approximation,

i.e. we assume that the only effect of the disorder is merely a constant band broadening,

which modifies the Green’s functions of the perfectly periodic system as follows: GR(ε) =

1/(ε− Ĥ + i0+) → 1/(ε− Ĥ + iΓ), where Ĥ is the Hamiltonian, ε is the energy, GR is the

retarded Green’s function (the advanced Green’s function is modified analogously), and Γ

is a constant that determines the broadening magnitude.

Subsequently, we decompose the Kubo formula into two contributions that transform

in the opposite way under time-reversal, by separating the real and imaginary part of the

denominator (since the wave function is antisymmetric under time reversal operation).

Within the constant Γ approximation, the two contributions to the linear response of an

observable Â to for instance an electric field (F̂ = eEr̂) are given by δA = χIE + χIIE

from Eq. 1.7, where [55]

χI = −eℏ
π

∑
k,n,m

Γ2Re
(
⟨nk| Â |mk⟩ ⟨mk| v̂ · Ê |nk⟩

)
[(EF − Enk)2 + Γ2][(EF − Emk)2 + Γ2]

, (1.10)

χII = −2ℏe

n occ.
m unocc.∑
k,n̸=m

Im
(
⟨nk| Â |mk⟩ ⟨mk| v̂ · Ê |nk⟩

)
(Enk − Emk)2

, (1.11)

In Eq. (1.11), the sum is restricted to m,n such that n is occupied and m is unoccupied.

The sums over k run over all k points in the first Brillouin zone (BZ). Here, we provide

5



1 Introduction

the contribution χII only in the limit Γ → 0, which is the intrinsic contribution because it

is determined only by the electronic structure of the perfect crystal. In the limit Γ → 0,

Eq. (1.10) becomes the well-known Boltzmann formula with a constant relaxation time

(with the relaxation time given by ℏ/2Γ). This contribution diverges as 1/Γ when Γ → 0.

While these formulas are simple, they often do provide at least qualitatively and sometimes

even quantitatively correct descriptions. We use them to illustrate the symmetry of linear

response and to calculate the intrinsic Hall current. When Â is equal to the current density

operator: ĵ = −ev̂/V (V is the sample volume), Eq. (1.10) describes the longitudinal

conductivity from Fermi surface scattering and Eqs. (1.11) the Hall conductivity, which is

also known as the momentum integral of Berry curvature (the perturbational expression)

in the BZ.

1.2.2 Semiclassical equation and Berry curvature

Eqs. (1.11) can also be obtained from the quantum mechanical equation of electron motion,

and Sundaram and Niu [201] introduced an additional anomalous velocity in terms of Berry

curvature to the conventional semiclassical equation of charge current, which is also the

starting point of later work on second-order transport.

The traditional semiclassical equations of electron motion only consider the electron

velocity at the lowest order of electrical field, the external electrical field would not affect

the velocity:

ṙ =
1

ℏ
∇kEk (1.12)

Here 1
ℏ∇kEk is the dispersion function of electron energy Ek, known as group veloc-

ity. However, the external electrical field would also modify the wavefunction of electron,

consequently adding the additional term to the total velocity. A better approach of under-

standing the influence of electric field is to let the electric field enter into the Hamiltonian

and then solve the Schrödinger equation. To realize this target we would add an uniform

time-dependent vector potential A(t) to the unperturbed Hamiltonian

H(t) =
[p̂+ eA(t)]2

2m
+ V (r) . (1.13)

After the unitary transforming from real space to q space, we obtain the q representation

H(q, t) = H(q +
e

ℏ
A(t)) . (1.14)

6



1.2 Linear response theory and Berry curvature

With the gauge-invariant crystal momentum

k = q +
e

ℏ
A(t) . (1.15)

The parameter-dependent Hamiltonian can be simply written as H(k(q, t)). Hence the

eigenstates of the time-dependent Hamiltonian can be labeled by a single parameter k.

Moreover, because A(t) preserves the translational symmetry, q is still a good quantum

number and is a constant of motion q̇ = 0. It then follows from Eq. (1.15) that k satisfies

the following equation of motion

k̇ = − e

ℏ
E . (1.16)

To caputure the adiabatic current induced by the variation of external potentials, we

calculate the wave function up to first order in the rate of the change of the Hamiltonian

(standard first order correction to wavefunction as shown in the appendix of [234])

|un⟩ − iℏ
∑
m̸=n

|um⟩ ⟨um|∂un

∂t
⟩

En − Em

. (1.17)

Here un and En is the wavefunction and energy for n-th band of ground state Hamiltonian.

The velocity operator is obtained via v(q, t) = i
ℏ [H, r] = ∂H(q, t)/∂(ℏq). Hence, the

average velocity in q to first order is

vn(q) =
∂En(q)

ℏ∂q
− i

∑
m̸=n

{⟨un|∂H∂q |um⟩⟨um|∂un

∂t
⟩

En − Em

− c.c.
}
, (1.18)

where c.c. denotes the complex conjugate. With ⟨un|∂H/∂q|um⟩ = (En−Em)⟨∂un/∂q|um⟩
and the identity

∑
n |un⟩ ⟨un| = 1, we find

vn(q) =
∂En(q)

ℏ∂q
− i
[
⟨∂un
∂q

|∂un
∂t

⟩ − ⟨∂un
∂t

|∂un
∂q

⟩
]
. (1.19)

The second term is exactly the Berry curvature Ωn
qt defined in the parameter space (q, t).

To transfer it to k-space, we use the relation from Eq. 1.14 and 1.15

∂H/∂q = ∂H/∂k,

∂H/∂t = (∂H/∂k)(∂k/∂t) = −(e/ℏ)E∂H/∂k
(1.20)

7



1 Introduction

Thus the velocity in a given k is given by

vn(k) =
∂En(k)

ℏ∂k
− e

ℏ
E ×Ωn(k) , (1.21)

where Ωn(k) is the Berry curvature of the nth band:

Ωn(k) = i⟨∇kun(k)| × |∇kun(k)⟩ . (1.22)

In addition to the usual band dispersion contribution, an extra term previously known as

an anomalous velocity also contributes to electron velocity. This velocity is always trans-

verse to the electric field, which will give rise to a Hall current under time reversal breaking

condition. The overall semiclassical equations of motion for an electron wavepacket in a

metal are thus written as

ṙ =
1

ℏ
∇kEk − k̇ ×Ω,

ℏk̇ = −eE − eṙ ×B,

Ωn(k) = i⟨∇kun(k)| × |∇kun(k)⟩ .

(1.23)

With the identity ⟨un|∂H/∂q|um⟩ = (En − Em)⟨∂un/∂q|um⟩, the Eq. 1.23 could be

directly transfered to Eq. 1.11 when Â is the current density operator, which tells us that

the semiclassical approach gives the identical description as the Kubo formula from full

quantum mechanical equations at least in the first order.

1.2.3 Berry curvature formalism for anomalous Hall effect and spin

Hall effect

The band-structure topology and electronic response functions are commonly characterised

by the Berry curvature [234] in the momentum(k) space. A well-established example is

the anomalous Hall effect (AHE) [142] as an intrinsic property originating in the band

structure, in which the Berry curvature integrated over the occupied states at the ther-

modynamic equilibrium results in the Hall conductivity. The AHE and its quantised

version have recently been observed in time-reversal symmetry (TRS)-breaking topologi-

cal materials—for example, magnetically doped topological insulators (TIs) [24, 117, 256]

and magnetic Weyl semimetals [16,237,243,245].

The AHE is characterized by a transverse voltage generated by a longitudinal charge

current usually in a ferromagnetic (FM) metal. In the main section, we have derived the

8



1.2 Linear response theory and Berry curvature

Kubo formula and semiclassical equation for the response of charge current to external

electrical field. A further genealized expresion for the intrinsic contribution to anomalous

Hall conductivity (σαβ) is written as

σαβ = −e
2

ℏ
∑
n

∫
BZ

d3k⃗

(2π)3
fn(k⃗)Ωn(k⃗),

Ωn(k⃗) = 2iℏ2
∑
m̸=n

< un(k⃗)|v̂α|um(k⃗) >< um(k⃗)|v̂β|un(k⃗) >
(En(k⃗)− Em(k⃗))2

,

(1.24)

where v̂α(β,γ) =
1
ℏ

∂Ĥ
∂kα(β,γ)

is the velocity operator with α, β, γ = x, y, z. fn(k⃗) is the Fermi-

Dirac distribution. |un(k⃗) > and En(k⃗) are the eigenvector and eigenvalue of the Hamil-

tonian Ĥ(k⃗), respectively. Ωn(k⃗) is the Berry curvature in momentum space, and the

corresponding AHC σαβ can be evaluated by summarizing the Berry curvature over the

Brillouin zone (BZ) for all the occupied bands. Here σαβ corresponds to a 3 × 3 matrix

element and indicates a transverse Hall current jα generated by a longitudinal electric field

Eβ, which satisfies Jα = σαβEβ.

(b)	Spin	Hall	Effect	

 j 

Collinear	AFM	
ρxy=	0	

Chiral	AFM	
ρxy∝	λSOC		

Collinear	FM	
ρxy∝	M	λSOC		

(c)	

Chiral	FM	
ρxy∝	Si•(Sj	x	Sk)	

Ω	

 j M 

(a)	Anomalous	Hall	effect	

V	

Figure 1.2: Schematic illustrations of (a) the anomalous Hall effect and (b) the spin
Hall effect from the viewpoint of spin-dependent Mott scattering. (c)
The anomalous Hall effect in collinear FM, collinear AFM, chiral FM,
and chiral AFM systems. ρxy, M , λSOC and Si · (Sj × Sk) represent the
anomalous Hall resistivity, magnetization, strength of SOC and the scalar
spin chirality, respectively.

The AHE can be generalized to the case of the spin Hall effect (SHE) in nonmagnetic

materials in which Mott scattering leads to the deflection of spin-up and -down charge

carriers in opposite directions, owning to spin-orbit coupling (SOC), as illustrated in Fig.

5.1. Thus, a longitudinal charge current can generate opposite spin accumulations along

opposing edges in the transverse direction to the current. On the contrary, a spin current

can also induce a transverse voltage drop, in an effect called the inverse SHE. Both the

9



1 Introduction

AHE and SHE are of particular interest for spintronic applications [74,129, and references

therein] in which spin currents can be used to manipulate magnetic moments, for example,

switching the state of magnetization of magnetic nano-elements, or for inducing the very

efficient motion of domain walls [158,247].

By extending the Berry curvature to spin Berry curvature, the intrinsic spin Hall con-

ductivity (SHC) can be obtained by replacing the velocity operator with the spin current

operator Ĵγ
α =

1

2
{v̂α, ŝγ}, where ŝγ is the spin operator. The SHC then has the form of

σγ
αβ =

e

ℏ
∑
n

∫
BZ

d3k⃗

(2π)3
fn(k⃗)Ω

γ
n,αβ(k⃗),

Ωγ
n,αβ(k⃗) = 2iℏ2

∑
m ̸=n

< un(k⃗)|Ĵγ
α |um(k⃗) >< um(k⃗)|v̂β|un(k⃗) >
(En(k⃗)− Em(k⃗))2

,

(1.25)

Ωγ
n,αβ(k⃗) is referred to as the spin Berry curvature in the following, in order to distinguish

it from the Berry curvature Ω⃗n(k⃗). The SHC (σγ
αβ; α, β, γ = x, y, z) is a third-order

tensor (3× 3× 3) and represents the spin current Jsγα generated by an electric field E⃗ via

Jsγα = σγ
αβEβ, where Js

γ
α flows along the α-direction with the spin-polarization along the

γ−direction and Eβ is the β−component of the electric field E⃗. In addition, the unit of

SHC differs from that of the AHC by ℏ
2e
, where ℏ/2 is the spin angular momentum and e

is the electron charge. Thus, the unit of SHC is (ℏ/e)(Ω · cm)−1.

Starting from ground-state DFT calculation, we develop a numerical programme to build

the highly symmetric Wannier Hamiltonians and calculate the linear response susceptibil-

ity from the integral in momentum space. With a highly efficient parallel and vectorised

algorithm, we could evaluate a real material system with over 1000 bands for a very dense

momentum space mesh up to 500 ∗ 500 ∗ 500 for the integrals of Eq. 1.24-1.25. The low

numerical cost and automatic Wannier Hamiltonian generation make it possible to search

all possible materials and build a database of transport properties from the simulation

point of view.

1.3 Nonlinear, second order response

It is well known that, in the linear response regime, the anomalous Hall effect vanishes in

the presence of TRS, because TRS forces the Berry curvature to be odd with respect to

k, i.e. Ωn(k) = −Ωn(−k) where n is the band index. In the nonlinear response regime,

however, an intriguing nonlinear anomalous Hall effect (NLAHE) can still survive in the

10



1.3 Nonlinear, second order response

presence of TRS but in the absence of inversion symmetry [191]. When an electric field E

drives a current through a crystal in the steady state, the system is out of equilibrium and

the Fermi surface exhibits an effective shift in k-space. Therefore, the Fermi occupations at

k and −k are no longer necessarily the same. This leads to a net Berry curvature summed

on the nonequilibrium Fermi surface, i.e. an anomalous Hall conductivity proportional

to E and the relaxation time τ . Thus, the Hall voltage is estimated to be quadratic,

rather than linear, to the longitudinal electric field E. The NLAHE was derived at the

zero-frequency limit of the nonlinear photocurrent generation [140, 191]. Although it is

a nonequilibrium property, the NLAHE can be described by a geometric quantity at the

equilibrium Fermi surface, the Berry curvature dipole (BCD) [191].

1.3.1 Nonlinear Hall effect from Berry curvature dipole

To calculate such a nonlinear Hall current, first we introduce the semiclassical approach

with Berry curvature. Starting from the semiclassical velocity from Eq.1.23 without mag-

netic field, we perform the integral with Fermi-Dirac distribution function

j = −e
∫
k

f(k)v,

v = v0 + v1 =
1

ℏ
∇kEk − k̇ ×Ω,

k̇ = −eRe(E(t))

(1.26)

Here E(t) = Eeiωt is the driving electric field as a function of time but with no depen-

dence on space, which could be introduced by DC (AC) electrical field or light radiation,

v0 and v1 are the group velocity and anomalous velocity. The Fermi-Dirac distribution

function f is obtained from Boltzmann transport equations under constant relaxation time

approximation.

−eτE∂kf + τ∂tf = f0 − f, (1.27)

here ∂kf = ∂f/∂k, ∂tf = ∂f/∂t, and f0 is the equilibrium distribution, which the lowest

order function regarding electrical field. Since we would need to calculate the second order

current, the distribution function is expanded unitl the second order as f = Re{f0+f1+f2}

11



1 Introduction

[191]. The recursive relation is give by

f1 = fω
1 e

iωt, fω
1 =

eτEa∂af0
1 + iωτ

,

f2 = f 0
2 + f 2ω

2 e2iωt, f 0
2 =

(eτ)2E∗
aEb∂abf0

2(1 + iωτ)
,

f 2ω
2 =

(eτ)2EaEb∂abf0
2(1 + iωτ)(1 + 2iωτ)

.

(1.28)

To obtain a second order current, one needs to combine the first order Fermi-Dirac

distribution function with anomalous velocity, or second order Fermi-Dirac distribution

function with group velocity. The overall second order current is:

j2a =
e2

2

∫
k

εabcΩbE∗
c f

ω
1 − e

∫
k

f 0
2∂aϵ(k). (1.29)

The j2a describes a DC current, which scales quadraticly with the electrical field. The

second terms in j2a are proportional to the integral of a three-index tensor, v0∂bcf0(k).

Since v0 is odd under time reversal, while the second order derivative ∂bcf0 is even under

time reversal, the overall second terms in j0 and j2ω are odd under time reversal. This

contribution would be quite important in magnetic systems, especially in antiferromagnets

with combined inversion and time reversal symmetry. They have zero Berry curvature in

momentum space but a second order current would still arise from the time reversal odd

term. Since we are mainly fouced on time reversal symmetric materials in current study,

the only surviving term is the one associated with the Berry curvature.

By writing j2a = χabcEbE∗
c , j

2ω
a = χabcEbEc, one has that:

χabc = εadc
e3τ

2(1 + iωτ)

∫
k

(∂bf0)Ωd. (1.30)

With the differential function ∂bf0, it is obvious that a nonzero j2 would require the

presence of a finite Fermi surface, which is only possible in metallic system. Since the

Berry curvature is odd under time reversal, a differential transformation on Eq. (1.30)

gives the final Berry curvature dipole expression:

χabc = −εadc
e3τ

2(1 + iωτ)

∫
k

f0 (∂bΩd). (1.31)

Dab =

∫
k

f0 (∂aΩb). (1.32)

12



1.3 Nonlinear, second order response

Here ∂aΩb is the Berry curvature dipole in momentum space, and its integral Dab gives

the second order conductivity. In transport region, we note this second order current

would be proportional to the relaxation time, which gives a constant Hall angel with weak

dependence on temperature and possible disorder.

It is kind of obvious that a nonzero Berry dipole and NLAHE would require inversion

symmetry breaking because of the nature of second order response. But the searching

of suitable materials that would hold a sizeable nonlinear current for experimental inves-

tigation is yet to be done. Aiming for the final experimental realisation of NLAHE, we

calculate the BCD for the three-dimensional (3D) WSMs based on ab initio band struc-

tures [266] and also for two-dimensional transition-metal dichalcogenides W(Mo)Te2 [265],

and observe that the Berry dipole is strongly enhanced around the Weyl nodes in 3D struc-

tures and the topological transition critical points in 2D structures. WTe2 and MoTe2 are

a class of readily synthesisable layered materials. Originally highlighted for the semicon-

ducting band gap of exfoliated monolayers, they have recently been recognised as topo-

logical materials. As revealed in this work, they indeed generate a large BCD. As they

are widely studied in transport experiments, 2D WTe2 and MoTe2 are ideal candidates for

the experimental investigation of the NLAHE.

1.3.2 Second order Kubo formula for optical response

Besides the intraband (Fermi surface) effect from Berry curvature dipole as discussed

above, the monopole-type Berry curvature of WSMs can also lead to appealing non-

linear interband optical effects closely related to the Berry phase in the band struc-

ture [40,138,139,187,252]. Under strong light irradiation, a noncentrosymmetric material

exhibits photocurrents as nonlinear functions of the electric field of the light and also

generates higher harmonic frequencies, referred to as photogalvanic effects. The photogal-

vanic effect rectifies light to DC currents and often plays a crucial role in optical devices

and solar cells beyond the p-n junction platform [34, 68, 248]. Under linearly polarised

light, the induced photocurrent is usually called a shift current, which originates from

the charge centre shift between the valence and conduction bands in the optical excita-

tion. Under circularly polarised light, the photocurrent generation is referred to as the

circular photogalvanic effect (CPGE). It can be expressed in the formalism of Berry cur-

vature and Berry connection [139, 187, 252], revealing a topological nature. Therefore,

WSMs have recently been theoretically investigated for such nonlinear optical phenom-

ena [?, 21, 22, 38, 61, 66, 75, 82, 83, 91, 140, 171, 191, 202, 249, 266]. In these works, two-band
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1 Introduction

or four-band effective models are commonly adopted to reveal the relation between the

photocurrent and the Weyl bands. For example, the tilt of Weyl cones is proposed to play

an essential role in generating a net CPGE current by considering the two-band transition

from the occupied Weyl band to the empty Weyl band [22].

Starting with the Kubo-like resonant formula, we would derive the fully three-band

formula to describe both the shift current and CPGE, which scale in the second order

regarding electrical field.

In Eq. 1.3, the density operator is only treated in the linear order, here we expand the

Eq. 1.1 to second order and solve it by iteration:

ρ̂(t) = ρ̂0 + ρ̂1(t) + ρ̂2(t) + . . . ,

ρ̂n+1 = − i

ℏ

∫ t

−∞
dt′eϵ/ℏt

′
Û(t′)[ρ̂n(t

′), F̂ (t′)]Û−1(t′).
(1.33)

Different from the case of linear response in a DC field, here we choose the Weyl gauge

with scalar potential equal to zero, and neglect the spatial variations of the vector potential

A(r, t) assuming the electric dipole approximations. Then we have the Hamiltonian and

perturbation field as:

Ĥ = Ĥ0 + F̂ (t)

F̂ (t) = Ĵ ·A(t) + e2/(2m0V )A2

Ĵ = −ev̂/V

A(t) = (E0/ω)cos(ωt)

(1.34)

The advantage of Weyl gauge is that we avoid the position operator associated with

electrical field, and thus formulate the response solely with velocity operator. (Note there

are also other approaches using the so called length gauge [187], which give the identical

expressions for DC photocurrent in the end.) The DC photocurrent is linearly in the light

radiation and quadratic in the light electrical filed, thus only depends on ρ̂2(t) (obtained

from Eq. 1.33 and 1.3). In analogy to Eq. 1.5, the DC photocurrent density at t = 0 is

obtained by
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1.4 Structure of the thesis

j(0) = Tr[ρ̂2Ĵ ]

= −
∫ 0

−∞
dt′
∫ 0

−∞
ds(V/ℏω)2e

ϵ
ℏ (t

′+s)E2
0Tr(ρ0{ĴD(0), [ĴD(t′), ĴD(t′ + s)]})

= −
∫ 0

−∞
dt′
∫ 0

−∞
ds(V/ℏω)2e

ϵ
ℏ (t

′+s)E2
0⟨{ĴD(0), [ĴD(t′), ĴD(t′ + s)]}⟩0,

(1.35)

with ĴD = Û(t)Ĵ Û(t)−1 deonoting the current operator in Dirac picture. Expand Eq.

1.35 by inserting the identity
∑

m |m⟩⟨m| = 1 and
∑

l |l⟩⟨l| = 1, then perform the integral

over time domain in analogy to Eq. 1.7, we would obtain the expression in terms of ground

state wavefunctions:

σc
ab =

|e|3

8π3ω2
Re

{ ∑
Ω=±ω

∑
l,m,n

∫
BZ

d3k(fl − fn)

< n|v̂a|l >
En − El + ℏΩ− iϵ

(
< l|v̂b|m >< m|v̂c|n >

En − Em − iϵ
− < l|v̂c|m >< m|v̂b|n >

Em − El − iϵ
)

}
.

(1.36)

The conductivity (σc
ab; a, b, c = x, y, z) is a third rank tensor and represents the pho-

tocurrent J c generated by an electrical field E⃗ via J c = σc
abE

∗
aEb. For the second term

<l|v̂c|m><m|v̂b|n>
Em−El−iϵ

in Eq. 1.36, we apply the exchange of l and n together with the prefactor,

then it because identical as the first term. Finnaly we obtain the brief expression for

photocurrent density as:

σc
ab =

|e|3

8π3ω2
Re

{ ∑
Ω=±ω

∑
l,m,n

∫
BZ

d3k(fl − fn)

< nk⃗|v̂a|lk⃗ >< lk⃗|v̂b|mk⃗ >< mk⃗|v̂c|nk⃗ >
(En − Em − iϵ)(En − El + ℏΩ− iϵ)

}
.

(1.37)

With the first-principle approach, which accounts for the realistic material band struc-

tures, we could provide a better understanding of the optical response compared with the

effective kp model approach in Chapter. 7

1.4 Structure of the thesis

In this thesis, we propose the theoretical framework of Berry-phase-related linear and

nonlinear response phenomena and explore its relationship with band topology. With the

15



1 Introduction

accurate description of response formula and the ab − initio Wannier model parameter,

we make quantitative predictions of realistic materials and compare our results with those

of recent experiments, which are consistent even for the nonlinear optical response.

In Chapter 2, we introduce the theoretical framework of DFT, and the full-potential

local-orbital (FPLO) approach, followed by the procedure for symmetric Wannier func-

tion generation. In Chapter 3, we show the magnetic WSM phase in Ti2MnAl, an inverse

Heusler with large anomalous Hall effect, and introduce the general theory of linear re-

sponse and the electron transport with Berry curvature. In Chapter 4, various linear

transport phenomena of spin current are formulated and calculated from the Berry phase

approach based on the ab − initio wavefunction. We first introduce the spin Hall effect

in the IrO2 family of Dirac nodal-line materials and analyse the contribution from typical

band structures such as nodal-line bands. Subsequently, with the knowledge of the re-

lation between spin Berry curvatures, we propose the p-band topological semimetal InBi

with giant spin Hall and Nernst effects as the ideal material for spin current generation.

In Chapter 5, we study the linear response of spin current in antiferromagnetic materials

and its relation to magnetic symmetry: spin Hall effect in noncollinear antiferromagnetic

Mn3X (X=Ga,Ge,Sn, and Rh,Ir,Pt) without spin-orbital coupling, spin-polarised current

in noncollinear antiferromagnets, and its application to antiferromagnetic spintronics. To

connect the transport properties with lattice symmetry, we also provide a detailed de-

scription of the linear response tensor shape from space group operations both with and

without spin-orbital coupling. In Chapter 6, we present the Berry-dipole-induced NLAHE

in 2D and 3D topological systems and present the ideal platform to observe NLAHE. In

Chapter 7, we calculate the photogalvanic effect in WSM TaAs from the second-order

Kubo formula and analyse the optical transition from Weyl nodes by separating the full

response to two-band and three-band parts. A summary of this work and an outlook on

further work are given in Chapter 8.
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2 Density functional theory and

Wannier approach

In this chapter, we provide a brief introduction to the ground-state DFT and Wannier

function approach. We review the basis of DFT from the Hohenberg–Kohn theorems and

the Kohn–Sham formalism [?, ?], and subsequently, we show the four-component DFT

from Dirac equation and the FPLO formalism.

As the Dirac equation and even the non-relativistic Schrödinger equation can accu-

rately describe a solid system, we start from the total non-relativistic quantum mechanical

Hamiltonian for many-body systems made of ions and electrons and thereafter add the

relativistic effect as the perturbation.

Ĥtot = Ĥn + Ĥe + Ĥnn + Ĥee + V̂ne

=−
∑
I

ℏ2

2MI

∇2
I −

∑
i

ℏ2

2mi

∇2
i +

e2

2

∑
I

∑
J ̸=I

ZIZJ

|RI −RJ |

+
e2

2

∑
i

∑
j ̸=i

1

|ri − rj|
− e2

∑
I

∑
j

ZI

|RI − rj|

(2.1)

Here, M(m) and R(r) denote the mass and location coordinates of nuclei (electrons),

respectively, Z represents the nuclear charge, e is the elementary charge, i, j are the indices

for electrons, and I, J are the indices for nuclei. The first two terms represent the kinetic

energy, the third and fourth terms are interactions between nuclei (electrons), and the final

term is the interaction between nuclei and electrons. The above Hamiltonian describes a

complicated many-body system with 3N (N is the total number of electrons and nuclei)

coupled spatial degrees of freedoms, that we cannot hope to solve exactly even with the

most powerful existing supercomputer.

Several approximations are introduced to simplify the situation. In the first step, we

separate the total Hamiltonian into electronic motion and nuclear motion, as the electrons
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2 Density functional theory and Wannier approach

are lighter than the nuclei by three orders of magnitude and there would be a strong

separation of time scales between the electronic and nuclear motions. With the so-called

Born–Oppenheimer approximation, we can write the wavefunction of the solid system in

a quasi-separable form as follows:

Ψ (R, r) = Ψn (R)Ψe (R, r) (2.2)

Here Ψn(R, r) and Ψe(R) are the wavefunctions of electrons and atomic nuclei, respec-

tively.

2.1 Hohenberg-Kohn theorem: electron density as a

basic variable

After the Born–Oppenheimer approximation, we obtain the electron Hamiltonian with

fixed nuclei as

Ĥe =−
∑
i

ℏ2

2mi

∇2
i +

∑
i

Vext(ri)

+
e2

2

∑
i

∑
j ̸=i

1

|ri − rj|

(2.3)

where Vext is the expression for the interaction with nuclei in addition to any exter-

nal potential. We now discuss how to determine the ground state of such an electron

Hamiltonian. The basic idea is to use spatial electron density function instead of elec-

tron wavefunctions and reduce the degrees of freedom from 3N to 3 (N is the number of

electrons), which arising from the fundamental tenet of DFT (also known as Hohenberg-

Kohn theorem): any property of a system of many interacting particles can be viewed as

a functional of the ground state sensity n(r).

Fermi and Thomas first realised that electron density can determine the ground state and

other properties of a many-electron system and applied the electron density distribution

n(r) to atoms. Subsequently, Dirac showed that exchange effects could be incorporated

into the aforementioned case and proved that a ‘density function’ determines the entire

state of the atoms within the Hartree–Fock approximation; he formally stated that ‘it is

not necessary to specify the individual three-dimensional wavefunction’ [?].
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2.1 Hohenberg-Kohn theorem: electron density as a basic variable

This simplification started from the Thomas–Fermi–Dirac approximation mentioned

above and was subsequently formulated by Hohenberg and Kohn in the framework of

two Hohenberg–Kohn theorems (HK theorems). The HK theorems relate to any system

consisting of electrons moving under the influence of an external potential; here, we refer

to them without proof (the detailed derivation can be found in Ref. [?]):

Theorem 1: For any system of interacting particles in an external potential Vext(r),

the external potential (and hence the total energy) is a unique functional, except for a

constant, of the ground-state electron density n(r).

Theorem 2: The universal functional for the energy E(n) in terms of the density n(r)

can always be defined for any external potential Vext(r). The ground-state energy of the

system is the global minimum value of the defined functional, and the input density is the

true ground-state density if and only if the functional is minimised.

The original HK theorems assume that the ground state is non-degenerate, and there is

a technical issue called the V-representability problem. During the variational process, it

is assumed that there is a corresponding Vext(r) for every reasonable ground-state density

n(r) associated with the antisymmetric ground-state wavefunction. Thus, every density in

the HK functional is V-representable and the conditions for such densities are not known

in general. Levy and Lieb (LL) proposed a new Levy–Lieb formulation as the restatement

of the HK functional and eliminated the restriction that the proof of HK theorems requires

a non-degenerate ground state. The LL functional is based on an operational definition:

the minimum of the sum of kinetic and interaction energies for all possible wavefunctions

having the given density n(r). Since the LL functional is defined for any density n(r)

deriable from a wavefunction Ψe, it is then termed N-representability, and the existence

of such a wavefunction for any density satisfying simple conditions is known [60], as

discussed in Sec. 6.5 of Ref. [?].

2.1.1 Kohn-Sham formalism

The above HK theorems do not provide us any computational approximation for the

construction of a density functional, and Kohn and Sham (KS) subsequently proposed the

KS equation to map the interacting electron Hamiltonian to a non-interacting Hamiltonian

by collecting all the unknown parts of the functional to the exchange and correlation (xc)

energy functional Exc, which forms the basis of DFT calculations.
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2 Density functional theory and Wannier approach

The interacting electron functional can be written as follows:

E[n] =

∫
V (r)n(r)dr+

1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
+Ts[n]+Exc[n], Exc[n] =

∫
n(r)ϵxcdr (2.4)

Here, the second and third terms represent the Hartree interaction energy and kinetic

energy for the non-interacting system, respectively, and Exc is the exchange-correlation en-

ergy functional, which includes the difference between the true kinetic energy of interacting

systems and that of the non-interacting systems with the same density.

We write the density from the Kohn-Sham ansatz as follows:

n(r) =
N∑
i

|niψi(r)|2

(ni is the occupation number).

Thus, the ground-state energy is obtained by minimising the energy functional; after

performing the variation, we obtain the famous KS equation as follows:

{−1

2
∇2 + [v(r) +

∫
n(r′)

|r− r′|
dr′ + vxc(n(r))]}ψi(r) = ϵiψi(r). (2.5)

Under the uniform electron gas assumption, we have vxc = d(Exc)/dn(r) as the exchange

and correlation potential of a uniform electron gas of the density n(r). ψi(r) and ϵi are

the wavefunction and energy of the Kohn–Sham orbital of electron, respectively.

We observe that the projection theories are still exact and have a clear expression, except

for the unknown Exc(r). From the KS-orbitals, the density is calculated first, followed by

the potential. After the convergence of self-consistent calculation, we obtain the final total

energy and density.

2.1.2 Exchange-correlation functional

To replace the original complex many-body Hamiltonian with a different auxiliary easily-

solved system, Kohn and Sham take the ansatz that assumes that the ground-state density

of an interacting system is equal to that of some chosen non-interacting system. Once we

incorporate the difficult many-body terms into an exchange-correlation functional of the

density, we obtain an independent-particle equation that can be exactly solved numerically.

The accuracy of the ground-state density and energy is only limited by the approximations

in the exchange-correlation functional. Further, the local density approximation (LDA)
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2.1 Hohenberg-Kohn theorem: electron density as a basic variable

is the most common and simple exchange-correlation functional in practice, in which

the effects of exchange and correlation are treated as local properties and Exc is solely

dependent on the value of charge density in space.

As suggested by Kohn–Sham, the LDA form exchange-correlation functional is given

approximately by the xc-energy of a homogenous electron gas at density n(r).

ELDA
xc ≈

∫
drn(r)ϵxc(n(r)). (2.6)

The exchange-correlation potential is obtained from the functional derivation

vxc[n(r)] =
δ

δn(r)
Exc[n(r)] = ϵxc(n(r)) + n(r)

dϵxc(n)

dn
(r). (2.7)

For a spin-polarised system, the local spin density approximation (LSDA) is a direct

generalisation of LDA by adding the spin degrees of freedom as follows:

ELSDA
xc ≈

∫
drn(r)ϵxc(n

+(r), n−(r)), (2.8)

where n+, n− represent spin-up and spin-down electron density, respectively.

It is observed that the total energies of homogeneous interacting electron systems with

different densities and spin polarisations can be calculated using the quantum Monte Carlo

method precisely, and Perdew and Wang [161] have obtained a precise fitting, which is

widely used as the standard LSDA version. As L(S)DA does not consider the fluctuation

of charge density, it would lead to a sizeable error when the system is very localised.

To reduce the error of L(S)DA, Perdew, Burke, and Ernzerhof (PBE) [160] proposed the

generalised gradient approximations (GGA). By including the gradient of charge density,

the exchange-correlation is expressed as

EGGA
xc =

∫
n(r)εxc[n(r)]dr+

∫
Fxc[n(r),∇n(r)]dr (2.9)

where the functional Fxc[n(r),∇n(r)] represents the contribution from the gradient of

charge density. With a better treatment of charge density fluctuation, the PBE96 GGA

approach provides a more accurate estimation of energy calculation and is the most widely

used and cited exchange-correlation approximation in DFT.
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2 Density functional theory and Wannier approach

2.2 The relativistic effect and FPLO realization of DFT

The last section mainly discusses the non-relativistic Hamiltonian, when the spin degrees

of freedom are not coupled to the orbitals. However, in real materials, spin-orbital cou-

pling (SOC) plays an important role in various phenomena, such as magnetocrystalline

anisotropy, and anomalous and spin Hall effects, which are discussed later. The SOC

would lead to a shift in the energy level, in the same order as the relativistic corrections

to the kinetic energy in the non-relativistic Hamiltonian.

The most straightforward way to treat the relativistic effect is to use the full four-

component Dirac formalism, which is implemented in the FPLO minimum-basis [102]

code. In most DFT codes, the first-order correction term (in c−2) from the Dirac equation

is added to the KS equation as a perturbation, known as the SOC term.

2.2.1 Dirac equation and spin-orbit coupling

It is known that the Schrödinger equation is proposed to describe the motion of non-

relativistic quantum particles, while the electrons in solids move quickly around the nuclei

and have spin degrees of freedom. Thus, an accurate quantum model for electron motion

would require the consideration of relativistic effect, as in the famous Dirac equation.

First, we write the Lorentz covariant Dirac equation in matrix form as follows:

iℏ∂tΨ =
[
cγ⃗
(
p⃗− e

c
A⃗
)
+ eA0 +m0c

2β
]
Ψ (2.10)

With the momentum p⃗ = −iℏ∇⃗, the vector potential of magnetic field, and the four-

by-four γ, β-matrices, we have

γi =

(
0 σi

σi 0

)
, β =

(
1 0

0 1

)
(2.11)

As electrons moving in solids experience a confining potential, we must add the external

V (r) to our free electron Dirac equation for the actual numerical calculation.

iℏ∂tΨ =
[
cα⃗
(
p⃗− ε

c
A⃗
)
+ eA0 +m0c

2β + βV
]
Ψ (2.12)

By expanding the Dirac equation and retaining only the first-order term regarding c−2,

we obtain the similar non-relativistic Hamiltonian and the relativistic effect as perturbation

in spinor space as follows:
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2.2 The relativistic effect and FPLO realization of DFT

He = H0+Hkinetic+HDarwin+HSO =
p2

2m
+V − p4

8m3c2
+

ℏ
8m2c2

(∇2V )+
ℏ

4m2c2
(∇V ×p)·σ

(2.13)

Here, the first two terms are non-relativistic H0 from Coulomb interaction, the third term

is the correction to kinetic energy Hkinetic, the fourth term is the correction to the potential

known as the Darwin term HDarwin, and the final term is SOC HSO.

With the SOC term HSO, it is evident that the total energy of the crystal is dependent

on the specific direction of the magnetic moments with respect to the crystalline axes. The

energy difference from HSO is called magnetocrystalline anisotropy energy, which could

determine the direction of magnetic momentum in magnetic materials.

The magnitude of SOC increases with the atomic number in general. This is also the

reason why a strong spin Hall effect is typically observed for a heavy 5d metal. In Chapter

4, we show that HSO is crucial to various transport phenomena, especially in magnetic

materials, not only because of its magnitude but also because it breaks the corresponding

spin rotation symmetries.

2.2.2 FPLO formalism

Despite the above discussed theories and approximations, the solution of the density func-

tional equation also relies on the exact wavefunction basis. In the solid-state system, there

are two widely used bases: 1. plane wave (PW) and its extensions augmented plane wave

(APW) and linearised augmented plane wave (LPAW); 2. localised orbital. As most of

our work is carried out from the DFT calculation of FPLO, we review the local orbital

method and FPLO formalism.

The linear combination of atomic orbital (LCAO) method uses a basis of atomic or

modified atomic-like functions, which provide an intuitive description of electronic states

in solids. Bloch first considered the simplest s-symmetry function, and Slater and Koster

[189] subsequently summarised and provided a framework for the LCAO method within

tight-binding approximation.

FPLO minimum basis code is used to solve the KS equation for a periodic lattice and

finite system (such as molecule and slab). With a much smaller basis set, FPLO achieves a

level of numerical accuracy comparable to advanced full-potential LAPW implementations

such a Wein2k. [112] Inside the programme, the KS wavefunction ψk is expressed as a set

of atomic-like local basis orbitals |sµ) = φsµ(r−R−s) located at the site R (lattice vector)
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2 Density functional theory and Wannier approach

+ s (atom position in a unit cell) and classified by orbital labels µ, which are atom-like

quantum numbers and spin (µ = nlm).

ψk =
∑
iµ

|iµ⟩ckiµ (2.14)

with the coefficients ckiµ.

Replacing the KS-orbital by atomic basis, the KS-equation 2.5 become:

{−1

2
∇2 + [v(r) +

∫
n(r′)

|r− r′|
dr′ + vxc(n(r))]}|iµ⟩ = eiµ|iµ⟩ (2.15)

With the new basis orbitals, we could construct the density and perform self-consistent

calculation.

2.3 Wannier functions from FPLO

The linear response and the nonlinear response calculation reply on the integral of a dense

momentum space mesh, and generation and diagonalisation process of Hamiltonian for

each k-point is expensive with a large number of basis functions. However, the DFT

Hamiltonian is usually huge, especially that from the PW basis approach. To construct a

reduced Hamiltonian, we use the Wannier interpolation to project only the states around

the Fermi level.

Gregory Wannier first introduced Wannier functions as a complete set of orthogonal

functions of solid-state systems. [221] Wannier functions can be chosen in various ways,

and the most widely and conveniently used way to fix the gauge freedom is the maximally-

localised Wannier functions. [131]

However, the maximally-localised procedure implemented in Wannier90 would gener-

ally break the symmetry of Wannier functions transformed from the first-principle Bloch

wavefunction. Further, the symmetry breaking of the Wannier function would lead to

additional error in the response calculation. In FPLO, we use a minimum local orbital

basis, which is already a set of highly localised Wannier functions by definition. A good

choice of projected Wannier functions, which are less entangled with orbitals out of the

selected energy window, would automatically provide localised Wannier functions.

In general, the Wannier functions are generated from the Bloch representation by a set

26



2.3 Wannier functions from FPLO

of transformations in a continuous space of unitary operator, denoted by

WRa =

∫
e−ikR

∑
n

Ψn(k)Una(k) (2.16)

Here, the Wannier function WRa is in the cell R and is of type a (which denotes the

Wannier centre and orbital label), Ψn(k) denotes the Kohn–Sham (KS) Bloch functions,

and U is a column unitary projector (U+U = 1, UU+ = P ), which maps all the KS bands

on fewer WFs, and contains a free choice gauge.

In FPLO, KS Bloch wavefunctions are constructed from a localised molecular orbital

basis Φ defined as

Ψn(k) =
1√
N

∑
Rsν

ΦRsνe
ik(R+s)Csν,n(k) (2.17)

where s is the atom position, ν represents quantum numbers regarding the orbital label,

and Csν,n(k) is the coefficient.

2.3.1 Wannier transformation in FPLO

After the convergence of DFT self-consistent calculation, we define a test function or WF

projector χ and an energy window for each WF and start the Wannier procedure. The

WF projector χ is a linear combination of FPLO orbitals used in the DFT step, and the

energy window specified the dispersion of the KS band with weight dominated by the

selected Wannier orbitals.

The numerical transformation is separated into two steps. First, FPLO generates the

column unitary projection operator U from the input Wannier function projector χ and

the corresponding energy window. Applying the projection operator U to the KS wave-

function, we obtain the expression of real space Wannier function as the sum of Bloch

functions

Wµ (r, k) =
∑
n

Ψk
n (r)U

k
nµ (2.18)

=
1√
N

∑
R

eikRWRµ (r)

WRµ (r) =

∫
e−ikRWµ (r, k) dk (2.19)
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2 Density functional theory and Wannier approach

As already shown, the orbital basis Bloch functions are

Φsµ(k) =
1√
N

∑
R

ΦRsµe
ik(R+s)

Thus, the representation of the Hamiltonian in the Bloch function of DFT basis orbital is

Hs′s(k) =
⟨
Φk

s′ĤΦk
s

⟩
(2.20)

=
1

N

∑
R′R

⟨
ΦĤΦ

⟩
R′s′Rs

eik(R+s−R′−s′) (2.21)

=
∑
R

⟨
ΦĤΦ

⟩
0s′,Rs

eik(R+s−s′) (2.22)

The momentum space Hamiltonian in the Wannier basis is written as⟨
W k

µ′ĤW k
µ

⟩
=

∑
n

Uk∗
nµ′εn(k)U

k
nµ (2.23)

=
1

N

∑
RR1

⟨
WR1µ′ĤWRµ

⟩
eik(R−R1)

=
∑
R

⟨
W0µ′ĤWRµ

⟩
eikRδqk

with a real space hopping parameter from µ′ orbital in the first unit cell to orbital µ in

cell R

ε0µ′,Rµ =
⟨
W0µ′ĤWRµ

⟩
(2.24)

=

∫
e−ikR

⟨
W k

µ′ĤW k
µ

⟩
dk

Further, εn(k) =
(
Ck+HkCk

)
n
is the eigenvalue of the DFT band n.

So far, we have obtained the momentum space Wannier Hamiltonian. If the projection

operator U is a unitary matrix, i.e. the selected projected Wannier functions have the

same Hilbert space as the DFT basis orbitals, the band structure from the Wannier model

would be identical to the DFT band structure.

The second step is the numerical generation of real space hopping parameters, as this

is the output of FPLO, which can be used to generate the Wannier model. To obtain

a small set of hopping parameters, we could introduce a cut-off both for the hopping

distance R and the magnitude of hoppings. The resulting hopping parameter can be
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2.3 Wannier functions from FPLO

Fourier-transformed to the momentum space Hamiltonian, and the diagonalisation of such

a Hamiltonian would provide us the band structure and the corresponding wavefunction,

which is used for subsequent transport calculations. The removal of hoppings by distance

and magnitude provides us a slightly different Wannier model as shown in Eq. 2.23,

although the symmetry is identical. One must check the band structure of the modified

small Wannier model with the DFT band structure and ensure that the difference is in an

acceptable range.

Notably, the Wannier module in FPLO enables the automatic generation of the tight-

binding model for numerous materials. In programmes such as Wannier90, as the disen-

tanglement and maximally-localised procedure are tricky, one must make many attempts

to determine the correct Wannier projector and the corresponding energy window, which

makes it impossible to perform the Wannier model generation automatically.

In FPLO, as we start from a minimum basis of local orbitals, the Hilbert space is much

reduced compared with the PW approach. By including all the valence electrons (the

whole DFT basis functions except semi core electrons) in the Wannier projector χ, the

upper energy window is chosen from the highest band, and counting from the highest

band by the number of input Wannier projectors, the lowest selected bands and the down

energy window are fixed, which normally has a clear band gap to the semi-core state.

The generated Wannier model perfectly reproduces the DFT band structure in most of

the cases. Considering Sn as an example, we only need to include 5s, 5p, 6s, 5d, 6p in

the input projector, which are 26 orbitals even in the SOC case. Thus, the automatic

procedure would provide us a Wannier model with approximately 20N −−30N (N is the

number of atoms in the unit cell). The automatic Wannier model generation and highly

efficient response programme enable the high-throughput calculation of transport property

in numerous materials.
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3 Weyl semimetal phase and linear

response Hall current

3.1 Introduction

The study of quantum spin Hall effect leads to the discovery of time-reversal invariant

TIs, and has largely promoted our understanding of band theory in terms of topology [72,

164]. In the study of band insulators, the topological properties are characterised by

the presence of an energy gap in the boundary, and topological nontrivial connections

to gapless states have begun to emerge. In a 3D TI, there is a gapless Dirac dispersion

at the surface, analogous to the two-dimensional semimetal graphene. In the presence

of both time reversal and inversion symmetries, the transition between topological and

trivial phases would go through a gapless state— for example, a 3D Dirac dispersion

would appear in the 3D topological to trivial insulator transition. In general, the four-

fold Dirac degeneracy not topologically protected and the residual momentum-conserving

terms in the Hamiltonian could mix these states and gap out the electronic spectrum.

However, in some special cases, the mixing of states could be forbidden by space group

symmetries and the Dirac nodes may remain gapless, and the materials that hold these

kinds of degeneracy nodes are called Dirac semimetals (DSMs). If inversion symmetry or

TRS is broken, the critical point expands into a gapless phase with double degenerate Weyl

nodes, which hold integer topological charge of Chern flux, also viewed as the ‘magnetic

monopole’ in momentum space. As the Weyl point is topologically protected and not

connected to space group symmetries, the existence of WSM phase in materials is stable

under small perturbations.

In this chapter, we introduce the time-reversal-breaking WSM in Ti2MnAl and its large

anomalous Hall effect owing to the enhanced Berry curvature around Weyl points.
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3.1 Introduction

3.1.1 Weyl fermion from massless Dirac equation

Shortly after Paul Dirac proposed his four-fold Dirac equation Eq. 2.10, Hermann Weyl

observed that it could be simplified if we have massless particles m = 0 as follows:

γµ∂µψ = I2
1

c

∂ψ

∂t
± (σx

∂ψ

∂x
+ σy

∂ψ

∂y
+ σz

∂ψ

∂z
) = 0 (3.1)

Here, I2 is a two-by-two identity matrix, and σx,y,z are three Pauli matrices. Thus, we

obtain the famous Weyl Hamiltonian HW = ∓(cp̂ · σ⃗, and ψ represents the two-component

Weyl spinors, which have fixed chirality.

Since Weyl proposed the massless chiral Fermion, it has been considered as the building

block for quantum field theory and the standard model. So far, Weyl fermion has not

been observed as a fundamental particle in nature. However, it has recently been observed

that it could be realised as an emergent quasi-particle in a low-energy condensed matter

system.

3.1.2 Weyl semimetal and unique surface state

In a TI, the valence and conduction bands with opposite parity [8,56] cross each other and

open an energy gap owing to SOC. When TRS or inversion symmetry is broken, some of

the anti-crossing points may become gapless as a semimetal [148] and exhibit linear energy

dispersions along all three-dimensional (3D) momenta (k) starting from the crossing point

called the Weyl point, which result in topologically nontrivial semimetals: WSMs.

The Weyl point is the monopole of Berry curvature (Chern flux) and carries an integer

charge known as the Chern number. They always come in pairs in the BZ, with opposite

Chern numbers and therefore corresponding left- or right-hand chirality. As the two-

dimensional (2D) k plane between a pair of Weyl points has a nonzero Chern number,

robust edge states on the boundary are induced similar as the 2D quantum anomalous

insulator. However, topological edge states disappear in other 2D k planes because of

vanishing Berry curvature flux. Therefore, these edge states in a WSM [215] would form

unclosed Fermi lines in the 3D surface of BZ, called Fermi arcs, existing to connect the

surface projection of two Weyl points with opposite parity [Fig. 3.1(b)]. [?]

As the Fermi surface of a TI or other trivial materials is a closed curve, the unclosed

Fermi arc in a WSM serves as a strong evidence of WSM. In addition, WSM is robust

against any weak perturbation that preserves translational symmetry. For example, an

exchange field or slight lattice distortion can only shift the positions of Weyl points.
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Figure 3.1: Schematics of the topological insulator and Weyl semimetal. (a) A TI
exhibits an energy gap with a band inversion. Topological surface states
exhibit Dirac-cone-type dispersion w ith spin texture. (b) A WSM is
gapless in the bulk and a pair of Weyl points (band crossing points) exists
with opposite parity. Nonzero Chern number (c) only exists between Weyl
points of the opposite chirality, which leads to a spin-resolved surface
Fermi arc.
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3.2 Magnetic weyl semimetal in Ti2MnAl

Besides the topological surface Fermi arcs, WSMs also exhibit exotic topological trans-

port phenomena, such as the chiral anomaly effect [79,149,219,262], gravitational anomaly

effect [65], strong intrinsic anomalous and spin Hall effects [17,199,237], large magnetore-

sistance [59,79,123,136,183,219,262], and even special catalytic activity [168].

3.2 Magnetic weyl semimetal in Ti2MnAl

The existence of Weyl points requires the breaking of spin degeneracy, either by breaking

inversion or time reversal symmetry (or both) [147]. Since the Berry curvature is odd under

time reversal, Weyl points in the latter case can generate a strong anomalous Hall effect

(AHE). Although the total magnetic moment vanishes, time-reversal symmetry is broken

in compensated ferrimagnets. In contrast to antiferromagnets, bands in compensated

ferrimagnets are spin split, which allows the existence of Weyl points even without spin-

orbit coupling (SOC). Additionally, the Weyl points in compensated ferrimagnets lead

to a strong AHE despite a zero net magnetic moment. Different from the non-collinear

antiferromagnets Mn3X (X= Ge, Sn, Ga, Ir, Rh, and Pt) [27, 143, 144, 267], the AHE in

a compensated magnetic WSMs is topologically protected. If the Weyl nodes are close to

the Fermi level and are isolated from trivial bands, the charge carrier density is expected

to be very low and a large anomalous Hall angle is naturally expected in these materials.

We have theoretically studied an ideal time-reversal symmetry breaking WSM in the in-

verse Heusler compound Ti2MnAl with compensated magnetic structure, where the Weyl

points are only 14 meV away from the Fermi energy. In Ti2MnAl the Weyl points do not

derive from mirror symmetry protected nodal lines, due to the lack of mirror planes in

the inverse Heusler structure. Rather, the Weyl points exist without taking into account

SOC, in contrast to the recently predicted Weyl-points in ferromagnetic Co-based mag-

netic Heusler compounds, which posses nodal lines close to the Fermi level. [25, 109, 220].

Since the nodal lines normally disperse in energy, the Co-based magnetic Heusler WSMs

have higher bulk charge carrier density, which makes the detection of Weyl points related

phenomena difficult. Due to the lower symmetry, Ti2MnAl has a small charge carrier

density of only 2 × 1019/cm3, which is even smaller than the charge carrier density in

NbP [101]. Therefore the Weyl points in Ti2MnAl should be much easier to observe ex-

perimentally and a large anomalous Hall angle (AHA) is expected. Heusler compounds

are ideal materials for the study of the interplay between magnetism and topology [20,52]

due to their excellent tunability. According to our calculations, Ti2MnGa and Ti2MnIn

have a similar electronic structure with Weyl points. However, only Ti2MnAl has been
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3 Weyl semimetal phase and linear response Hall current

successfully grown in thin films with a high Curie temperature above 650 K. [51,53] Con-

sidering all these factors, Ti2MnAl provides an excellent platform for the study of magnetic

Weyl physics and suggests a new direction to obtain a strong AHE without a net magnetic

moment.

Methods. To investigate the electronic band structure we have performed ab − initio

calculations based on density functional theory (DFT) using the full-potential local-orbital

code (FPLO) [102] with a localized atomic basis and full potential treatment. The ex-

change and correlation energy is considered at the generalized gradient approximation

(GGA) level [160]. The tight binding model Hamiltonian was constructed by projecting

the Bloch states onto atomic orbital like Wannier functions. By using the tight binding

model Hamiltonian, we have calculated the surface state.

3.2.1 Weyl point and Fermi arc

Ti2MnAl has an inverse Heusler lattice structure with space group F 4̄3M (No.216) [Fig.

3.2(a)] [53, 188], which, without the inclusion of spin-orbit coupling (SOC), shows a typ-

ical half-metallic electronic band structure, as shown in Fig. 3.2(c, d). Because of the

compensated magnetic sublattices formed by Ti and Mn, the net magnetic moment in

Ti2MnAl vanishes. The spin-down channel forms an insulating gap of 0.5 eV, and the

spin-up channel is semimetallic. The spin-up bands in Fig. 3.2(c) show an easily identi-

fiable band anti-crossing along the L −W direction, indicating a band inversion around

the Fermi energy. Though there is a general gap for the spin-up channel along the high

symmetry directions, its density of states is not zero at the Fermi level. Therefore, the

spin-up bands should cut the Fermi level in some lower symmetry directions.

Indeed, there is a linear crossing point away from the high-symmetry lines [Table 4.2].

Due to the six mirror planes M±110, M1±10, and M0±11, together with the three rotation

axes C2,x, C2,y, and C2,z, there are 12 pairs of linear crossing points in total. This is

completely different from the Co-based Heusler WSMs, where the band structures possess

nodal lines without considering SOC. Calculating the Berry phases of these 12 pairs of

linear crossing points, we found that half of them have Chern number +1 and the other

half Chern number -1. Hence the chirality obeys the mirror symmetries, as presented

in Fig. 3.2(b). The energy dispersion of one pair of Weyl points related by the mirror

symmetry is given in Fig. 3.3(a) and (c), from which we can see that the Weyl points are

just lying at the Fermi level.

In order to completely understand the Weyl points in Ti2MnAl, we need to take SOC
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3.2 Magnetic weyl semimetal in Ti2MnAl

Figure 3.2: (a) FCC lattice crystal structure of Ti2MnAl. Spin polarization of atom
Mn and Ti are along positive and negative z direction, respectively. The
primitive cell is marked by the dashed line. (b) Three-dimensional Bril-
louin zone (BZ) and its two-dimensional projection in (001) direction.
Weyl points with positive and negative chirality are presented by the
green and blue spheres. (c, d) Energy dispersion and density of states
without the inclusion of SOC. The labels of high symmetry points are
given in (b).

into consideration, though SOC is not very strong in this compound, due to the light

elements involved. In the presence of SOC, the symmetry of the system is reduced and

the details of band structures are dependent on the direction of the magnetization. To

obtain the magnetic ground state, the total energies of magnetizations along the (001),

(110), and (111) directions were compared. The net magnetic moments are still smaller

than 1 mµB per formula unit and the total energy difference between them is smaller than

0.1 meV, which is beyond the accuracy of DFT itself. Taking the magnetic polarization

along (001) as an example, we analyzed the band structures further. Since SOC is not so

strong in this compound, it just acts as a weak perturbation. The original position of one

pair of Weyl points WA and WB and the energy dispersion slightly breaks the reflection
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3 Weyl semimetal phase and linear response Hall current

Table 3.1: Location of one pair of Weyl points (labeled as WA and WB). Without the
inclusion of SOC, they are related to each other by the mirror plane, and
all the other Weyl points can be obtained via the symmetries of M±110,
M1±10, M0±11, C2,x, C2,y, and C2,z. SOC breaks the mirror symmetry as a
perturbation. The positions of Weyl points are described in the Cartesian
coordinates in units of (2πa , 2πa , 2πa )

w/o SOC SOC
WA (0, 0.4737, 0.7515) (0, 0.4802, 0.7531)
WB (0.4737, 0, 0.7515) (0.4680, 0, 0.7504)

symmetryM±110. A comparison of the energy dispersions of one pair of Weyl points before

and after the inclusion of SOC is shown in Fig. 3.3(a-d). Without the inclusion of SOC,

the energy dispersion is mirror symmetric, as shown by the red dashed line in Fig. 3.3(a).

As long as SOC is taken into consideration, the mirror symmetry is not preserved. The

bands corresponding to WA cross the reference line (the red dashed line) two times, while

the bands associated with WB cross it 4 times. Because of the perturbation from SOC,

the Weyl points are not at the charge neutrality point anymore, which shifts them above

the Fermi level by around 14 meV, see Fig. 3.3(d). Though the SOC slightly shifts the

Weyl points in both momentum and energy, the chirality remains unchanged, as shown in

Fig. 3.3(e-f).

A typical feature of WSMs is the topological surface Fermi arc state. To calculate

the (001) surface state, we considered an open boundary condition with the half-infinite

surface by using iterative Greens function method [178, 179]. From the energy dispersion

along the high-symmetry line X − Γ−M , surface bands connecting the bulk conduction

and valence states can be seen, which should be related to the Fermi arcs. Actually, the

two projected Weyl points on the (001) surface are very close to the Γ−M line (see Fig.

3.4(c, d)), and therefore nearly linear bulk band crossings can be observed along Γ−M .

Since Fermi arcs begin and end at the Weyl points with opposite chiralities, we have chosen

a special direction along the two projected Weyl points (see Fig. 3.4(c)). For the (001)

surface, two Weyl points of the same chirality project onto each other. The corresponding

energy dispersion, given in Fig. 3.4(b), clearly shows see the linear dispersion of the bulk

Weyl points (labeled by the green and blue circles) with two Fermi arc related surface

bands terminating at the two Weyl points on top of each other. Because of the dispersion

of the Fermi arcs below the Fermi level, they could be detected by ARPES and STM

measurements.

By fixing the energy at the Weyl points, perfect Fermi arcs with tiny bulk states can
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3.3 Anomalous Hall effect from magnetic Weyl Fermion

Figure 3.3: (a-d) Energy dispersion of one pair of Weyl points for (a, c) without and
(b, d) with the inclusion of SOC. The red dashed lines in (a, b) are the
reference lines indicating the breaking of the mirror symmetries if SOC
is considered. (e, f) Berry curvature distribution around the Weyl points
with positive and negative chirality.

clearly be seen in Fig. 3.4(c). Dependent on the number of surfaces projected Weyl

points, the number of Fermi arcs terminated at each Weyl points differs. Moreover, two

long Fermi arcs extend around 75% of the reciprocal lattice vector, which is amongst the

longest Fermi arc to be observed so far. On shifting the energy down by 14 meV to the

charge neutral point, there is a slight change in the surface state and most of the Fermi

arcs remain clearly detectable. Therefore, the Weyl semimetal states in Ti2MnAl lead to

the existence of isolated surface Fermi arcs, and the long Fermi arc around the charge

neutral point should be easy to detect by surface techniques.

3.3 Anomalous Hall effect from magnetic Weyl Fermion

Owing to the large Berry curvature around the Weyl points, a strong AHE is expected in

magnetic Weyl semimetals. To investigate the AHE we have computed the intrinsic AHC

by the linear-response Kubo formula approach in the clean limit as Eqs (1.11) [234]. A

500× 500× 500 k-grid in the BZ was used for the integral of the AHC.

If the magnetization is along the z-axis, σz
xy is the only non-zero component of the

37



3 Weyl semimetal phase and linear response Hall current

Figure 3.4: Surface states of Ti2MnAl terminated along the (001) direction. (a) Sur-
face energy dispersion along high symmetry lines of X − Γ − M . (b)
Surface energy dispersion crossing one pair of Weyl points. The k-path
is given in (c). (c,d) Fermi surface with energy lying at Weyl points and
charge neutral point, respectively.

AHC-tensor. From our calculation, the intrinsic AHC is around 300 S/cm at the charge

neutrality point. However, since the Weyl points are just above the Fermi level, the AHC

should be sensitive to the position of chemical potential and a large value is expected at

the energy of the Weyl points. To investigate the effect of electron and hole doping, we

calculated the energy dependent AHC, see Fig. 3.5(a). The AHC increases sharply when

shifting the energy from EF to Ew, and the AHC attains a peak value at E = Ew with

σz
xy=550 S/cm, implying that the large AHC originated from the Weyl points, since the

Berry curvature distribution of a Weyl point peaks sharply at the nodal energy. For further

confirmation of the effect of the Weyl points to the AHC, we analyzed the Berry curvature

distribution in k-space. Fig. 3.5(b) shows the Berry curvature distribution in the kz=0
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3.4 Summary

plane with four pairs of Weyl points very close to it. Except for the eight hotspots derived

from the Weyl points, there are barely other contributions to the AHC. The other two

high-symmetry planes kx=0 and ky=0 have almost the same Berry curvature distribution.

Therefore, the AHE in Ti2MnAl is mainly generated by the 12 pairs of Weyl points, and

hence it is topologically protected.

The AHA, defined as σz
xy/σxx, provides a dimensionless measure of the strength of the

AHE, which is the conversion efficiency from the longitudinal charge current to transverse

charge current. The longitudinal conductivity σxx is proportional to the charge carrier

density and mobility. In comparison to metals, the charge carrier density of semimetals

differs by some orders of magnitude and therefore the conductivity σxx is lower as well.

Theoretically, the AHA can be estimated from the intrinsic AHC and charge carrier density.

To evaluate the charge carrier density we have analyzed the FSs in three dimensions. As

shown in Fig. 3.5(c,d), there are 24 electron bubbles and 8 hole bubbles in the 1st BZ,

and all of them are very small. The charge carrier density obtained from the volume of the

FSs is around 2× 1019/cm3, a typical semimetallic value. Though we cannot compute an

accurate σxx, which needs further experimental transport measurements, a large AHA is

expected from the small charge carrier density and a relatively large AHC. In the quantum

anomalous Hall effect (QAHE), the AHA diverges, since the 2D bulk becomes insulating.

A magnetic material with a large bulk AHA could show a QAHE in thin films due to

quantum confinement [237], and therefore the study of the thin film of Ti2MnAl should

be highly interesting.

3.4 Summary

In summary, we have theoretically predicted the magnetic WSM and large AHC in the

inverse Heusler compound Ti2MnAl with Weyl points only 14 meV away from the Fermi

level. Because of the large Berry curvature from Weyl points and compensated magnetic

structure, the strong AHE exists even without a net magnetic moment. Motivated by this

finding, it would be interesting to investigate the topological properties of the other class

of compensated ferrimagnets in the Heusler structure with 24 valence electrons [195]. Due

to the large separation of Weyl points with the opposite chirality, the Fermi arc extend up

to 75% of the reciprocal lattice vectors in length. Our work provides an excellent magnetic

Weyl semimetal for both transport and surface study.
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3 Weyl semimetal phase and linear response Hall current

Figure 3.5: (a) Energy-dependent AHC. The peak value highlighted by red dashed line
corresponds to the Weyl-node energy. (b) Berry curvature distribution in
the kz=0 plane. The eight hot spots are just the positions of Weyl points.
Color bars are arbitrary units. (c, d) FSs distribution in the 3D BZ. Red
and blue FSs are hole and electron bubbles, respectively.
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4 Linear response of spin current: spin

Hall and Nernst effect

In previous chapter, we introduce the magnetic Weyl semimetal and the linear response

theory to calculate intrinsic anomalous Hall effect. In Eq. (1.11), (1.10), if we set Â to

the spin-current operator, ĵsi,j =
1
2
{ŝi, v̂j}, they describe time reversal even and odd spin-

conductivity. In this chapter, we would first study the spin Hall effect in time reversal

symmetric Dirac nodal line semimetal and Weyl semimetal, analysis the relation between

different type of topological band structures with spin Berry curvature in k space. Then

we show the giant spin Hall and Nernst effect in a p-band semimetal InBi as a successful

example of such guiding rules, and the unconventional relationship between spin Nernst

conductivity and Hall conductivity is well studied both from material specific tight-binding

model and modified TI model.

4.1 Dirac nodal line induced spin Hall effect

We have found Dirac nodal lines (DNLs) in the band structures of metallic rutile oxides

IrO2, OsO2, and RuO2 and revealed a large spin Hall conductivity contributed by these

nodal lines, which explains a strong spin Hall effect of IrO2 discovered recently. Two types

of DNLs exist. The first type forms DNL networks that extend in the whole Brillouin

zone and appears only in the absence of spin-orbit coupling (SOC), which induces surface

states on the boundary. Because of SOC-induced band anti-crossing, a large intrinsic SHE

can be realized in these compounds. The second type appears at the Brillouin zone edges

and is stable against SOC because of the protection of nonsymmorphic symmetry. Besides

reporting new DNL materials, our work reveals the general relationship between DNLs

and the SHE, indicating a way to apply Dirac nodal materials for spintronics.
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4 Linear response of spin current: spin Hall and Nernst effect

4.1.1 Nodal line semimetal

Dirac and Weyl semimetals are typical three-dimensional topological nodal point semimet-

als, where nodal points and surface Fermi arcs have been recently discovered in real mate-

rials [242], for example, Na3Bi [121,218,238], TaAs [78,125,222,239,246], and MoTe2 [39,

77,85,192,198,204]. Beyond Dirac and Weyl points, new-type symmetry-protected nodal

points with three-, six- and eight-band crossings in nonsymmorphic space groups [11,226]

and nodal points with triple degeneracy in symmorphic space groups [223, 224, 229, 269]

have been proposed with potential material candidates, such as MoP [124, 269]. Further-

more, nodal lines [18, 32, 33, 48, 260, and references therein] can exist in two classes of

systems, according to the absence and presence of spin-orbit coupling (SOC) [48,50]. The

first type without SOC has been reported in many systems (e.g., LaN) [23,28,73,97,113,

225,236,255,260]. The inclusion of SOC will either gap or split the nodal lines [222,260].

The second type requires the protection of additional symmetries such as nonsymmor-

phic symmetries [19, 48, 180, 251] and mirror reflection [1, 10, 32, 225]. Nodal lines can

cross the whole Brillouin zone (BZ) in a line shape, form closed rings inside the BZ,

or form a chain containing connected rings [19]. The topological nature of a nodal line

can be characterized by a quantized Berry phase π along a Wilson loop enclosing the

nodal line [18,23,49,193,254]. On the surface, nodal line materials were predicted to host

drumhead-like surface states [225]. Theoretical search for exotic nodal phases and corre-

sponding materials launches a race for discovering novel topological states in experiments.

Since topological nodal semimetals or metals commonly exhibit nontrivial Berry phases

and strong SOC, they are expected to reveal a strong SHE as an intrinsic effect from

the band structure [199]. The intrinsic SHE, in which the charge current generates the

transverse spin current, is intimately related with the Berry phase and SOC [186]. Four

of us recently found that the first type of Dirac nodal lines (DNLs) (without SOC) can

induce a strong intrinsic SHE when turning on SOC, for example, in the TaAs-family Weyl

semimetals [199]. Furthermore, it provokes us to search for topological nodal systems

among known SHE (or AHE) materials. Therefore, our attention has been drawn to SHE

material IrO2 discovered recently [58], where its thin films act as efficient spin detectors [58,

167] via the inverse SHE that converts the spin current to the electric voltage. However, the

microscopic understanding of the SHE is still missing for this metallic oxide. Furthermore,

the strong SOC of the Ir-5d orbitals and nonsymmorphic symmetries of its rutile crystal

structure imply that IrO2 may host topological nodes in the band structure. Additionally,

this oxide has been used for electrodes in various applications such as catalysts in water
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4.1 Dirac nodal line induced spin Hall effect

splitting [210, and references therein] and ferroelectric memories for a long time [181].

We theoretically investigated the topology of the band structure of metallic rutile oxide

IrO2 and similar oxides RuO2 and OsO2. We observe two types of DNLs in their band

structures. The first type extends the whole BZ and forms a square-like DNL network

in the absence of SOC, resulting in surface states. Joint points of the network are six-

and eight-band-crossing points at the center and boundary of the BZ, respectively. These

DNLs become gapped and lead to a strong SHE when SOC exists. The second type is

stable against SOC and appears at the edges of the tetragonal BZ, which is protected by

nonsymmorphic symmetries.

Calculation method To investigate the band structure and the intrinsic SHE, we have

performed ab initio calculations based on the density-functional theory (DFT) with the

localized atomic orbital basis and the full potential as implemented in the full-potential

local-orbital (FPLO) code [102]. The exchange-correlation functionals were considered at

the generalized gradient approximation (GGA) level [160]. We adopted the experimentally

measured lattice structures for RO2 (R = Ir, Os, and Ru) compounds. By projecting the

Bloch states into a highly symmetric atomic orbital like Wannier functions (O-p and R-d

orbitals), we constructed tight-binding Hamiltonians and computed the intrinsic spin Hall

conductivity (SHC) by the linear-response Kubo formula approach in the clean limit [186,

234],

σk
ij = eℏ

∫
BZ

dk⃗

(2π)3

∑
n

fnk⃗Ω
k
n,ij(k⃗),

Ωk
n,ij(k⃗) = −2Im

∑
n′ ̸=n

< nk⃗|Jk
i |n′k⃗ >< n′k⃗|vj|nk⃗ >
(Enk⃗ − En′k⃗)

2

(4.1)

where fnk⃗ is the Fermi–Dirac distribution for the n-th band. The spin current operator

is Jk
i = 1

2

{
vi, sk

}
, with the spin operator s, the velocity operator vi = 1

ℏ
∂H
∂ki

, and

i, j, k = x, y, z. |nk⃗ > is the eigenvector for the Hamiltonian H at the eigenvalue Enk⃗.

Ωk
n,ij(k⃗) is referred as the spin Berry curvature as analogy to the ordinary Berry curvature.

A 500×500×500 k-grid in the BZ was used for the integral of the SHC. The SHC σk
ij refers

to the spin current (js,ki ), which flows along the i-th direction with the spin polarization

along k, generated by an electric field (Ej) along the j-th direction, i.e., js,ki = σk
ijEj.

43



4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.1: (a) Rutile lattice structure of IrO2. (b) The tetragonal BZ of IrO2. DNLs
(blue lines) without SOC form networks inside the BZ, and the corre-
sponding Wilson loop around it (red circle) gives a π Berry phase. The
connection points of the network are hexatruple points (HPs) and octuple
points (OPs). The DNLs (green) with SOC are lines along X-M and M -
A at the BZ boundary, and the Wilson loop around them has zero Berry
phase. (c) Band structure for IrO2 without SOC. The HP and OP are
indicated by blue dots. (d-f) Band structures for IrO2, OsO2, and RuO2

with SOC. The DNLs on X − M and M − A are highlighted by green
lines. In (d), the 3D band dispersion around the DNLs is shown as insets.
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4.1 Dirac nodal line induced spin Hall effect

4.1.2 Results and Discussions

4.1.3 Nonsymmorphic symmetry

Three compounds RO2 (R = Ir, Os, and Ru) share the rutile-type lattice structure with

space group P42/mnm (No. 136), as shown in Fig. 4.1. A primitive unit cell contains

two R atoms that sit at the corner and center of the body-centered tetragonal lattice,

respectively. One R atom is surrounded by six O atoms that form a distorted octahedron.

For space group No. 136, we have the following generator operations,

E,mz, P, nx ≡ {mx|τ⃗}, n4z ≡ {c4z|τ⃗},

where mx,z are mirror reflections, c4z is the four-fold rotation, P is the inversion symmetry,

nx and n4z represent nonsymmorphic symmetries, and τ⃗ = (1
2
, 1
2
, 1
2
) is the translation of

one-half of a body diagonal. Additionally; the time-reversal symmetry T also appears for

RO2 systems.

It is known that electronic bands are doubly degenerate (considering spin and SOC)

at every k-point of the BZ owing to the coexistence of P and T . Furthermore, a generic

nonsymmorphic symmetry leads to new band crossings and thus higher degeneracies at

the BZ boundary. Therefore, the coexistence of P , T , and nonsymmorphic symmetries

guarantees four-fold or even larger degeneracies at some k-points of the BZ boundary.

As discussed in the following, IrO2 exhibits a four-fold degeneracy at the BZ edge lines,

X(Y )−M andM−A (also see Fig. 4.1d). Consequently, one requires 4n electrons for filling

these bands to obtain a band insulator. However, a primitive unit cell contains two IrO2

formula units and in total 42 valence electrons, failing to satisfy the precondition of a band

insulator in this nonsymmorphic space group [11, 156]. Therefore, IrO2 is constrained by

the lattice symmetry to be a band metal in the weak interaction case. Recently, it has been

reported that IrO2 cannot become a Mott insulator because of a large bandwidth [89,96],

while several seemingly similar iridates (e.g., Sr2IrO4) are known as 5d Mott insulators

with the Jeff = 1/2 state [93,94].

4.1.4 Dirac Nodal lines without SOC

We first investigate the band structures without including SOC. As shown in Fig. 4.1c,

six-band and eight-band crossing points (including spin) appear at the Γ−Z and M −A

axes, respectively, which are noted as a hexatruple point (HP) and an octuple point (OP),
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4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.2: Surface band structure for IrO2 projected to the (001) surface without
(a) and with (b) SOC. The brightness of color represents the weight of
surface states. (c) The projection of the bulk BZ to the surface BZ with
DNLs.

respectively. There is a DNL connecting neighboring HP and OP in the BZ, forming a

network in the k-space, as indicated by Fig. 4.1b and 4.3a. Two layers of networks are

present above and below the kz = 0 plane respectively, and can be transformed to each

other by P or T . DNLs exist inside the (110) and (1̄10) mirror planes and originate from

crossing of dx2−y2 and dxz,yz bands. Here, dx2−y2 and dxz,yz bands are all doubly degenerate

owing to P and T and exhibit opposite eigenvalues −1 and +1, respectively, for each mirror

reflection. The mirror symmetry protects the four-band-crossing in the absence of SOC.

The topology of a DNL is characterized by the nontrivial Berry phase (or winding

number) along with a closed path that includes the DNL. We choose a loop, along which

the system is fully gapped as indicated in Fig. 4.1b [193, 254]. The Berry phase for

all “occupied” bands is found to be a quantized value, π. This nonzero Berry phase

further leads to surface states. When projecting to the (001) surface, the nodal band

structure exhibits a local energy gap between M̄ and X̄ in the surface BZ. Two layers of

DNL networks overlap in the (001) surface projection. Thus, one can observe two sets of

surface states (spinless) connecting OPs between two adjacent M̄ points inside the gap in

Fig. surfacea.

When SOC is included and the SU(2) symmetry is broken, these DNLs including HPs

and OPs are gapped (see Fig. 4.1d), since there is no additional symmetry protection.

On the surface, original spinless surface states split into two Rashba-like spin channels

(see Fig. 4.1b). Because of the lack of robust symmetry protection (e.g., P is commonly

breaking on the surface), these surface states may appear or disappear according to the

surface boundary condition.
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4.1 Dirac nodal line induced spin Hall effect

4.1.5 Dirac nodal lines with SOC

The kx = π and ky = π planes are actually Dirac nodal planes in the absence of SOC. The

presence of SOC gaps these planes and only leaves DNLs along some high-symmetry lines,

X-M and M -A. By taking the DNL along X-M as an example, we can understand the

four-fold degeneracy by considering time reversal symmetry T , point group symmetries,

mz, P , and nonsymmorphic symmetry nx. Since [mz, H] = 0 in the kz = 0 plane, we can

choose the eigenstates of Hamiltonian H with definite mirror parity for k⃗ along X-M ,

H(k⃗)|ϕ±(k⃗) > = E±(k⃗)|ϕ±(k⃗) >

mz|ϕ±(k⃗) > = ±i|ϕ±(k⃗) >
(4.2)

where i is from the spin. First, we know [TP,mz] = 0. Therefore, we have

mz(TP |ϕα(k⃗)) >= TP (mz|ϕα(k⃗) >)

= TP (iα|ϕα(k⃗) >) = −iα(TP |ϕα(k⃗) >)
(4.3)

where α = ±1. Therefore, TP |ϕα(k⃗) > is also an eigenstate at k⃗ (TP k⃗ = k⃗) with the

mirror parity −iα, where − sign is from the complex conjugate in T . Next, we consider

the commutation between mz and the glide mirror symmetry nx, both of which act in real

space (x, y, z) and the spin space simultaneously. In real space, we have

(x, y, z)
nx−→ (−x+ 1

2
, y +

1

2
, z +

1

2
)

mz−→ (−x+ 1

2
, y +

1

2
,−z − 1

2
)

(x, y, z)
mz−→ (x, y,−z)
nx−→ (−x+ 1

2
, y +

1

2
,−z + 1

2
)

mznx = T(0,0,−1)nxmz

(4.4)

where T(0,0,−1) = eikz is the translation operator when acting on the Bloch wavefunction.

In the spin space, mz = iσz and nx = iσx and thus mznx = −nxmz. By combining the

real space and the spin space, we obtain

mznx = eikz(−1)nxmz = −nxmz (4.5)
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4 Linear response of spin current: spin Hall and Nernst effect

Therefore, nx|ϕα(k⃗) > is also an eigenstate at k⃗ (nxk⃗ = k⃗), but with a mirror parity −iα.
Further, the combination of TPnx leads to one more state TPnx|ϕα(k⃗) > with a mirror

parity +iα.

In total, we can have four eigenstates, |ϕα(k⃗) >, TP |ϕα(k⃗) >, nx|ϕα(k⃗) >, and TPnx|ϕα(k⃗) >

for k⃗ (π, ky, 0) alongX-M . The mirror parities ofmz are +iα for |ϕα(k⃗) > and TPnx|ϕα(k⃗) >,

and −iα for TP |ϕα(k⃗) > and nx|ϕα(k⃗) >. Next, we will prove that they are orthog-

onal to each other, i.e., two eigenstates with the same mirror parity are orthogonal,

< ϕα(k⃗)|TPnx|ϕα(k⃗) >= 0. This requires that TPnx is anti-unitary. In real space,

we have

(x, y, z)
Pnx−−→ (x− 1

2
,−y − 1

2
,−z − 1

2
)

Pnx−−→ (x− 1, y, z)

(4.6)

In the spin space, P = 1 and nx = iσx. Therefore, we have (Pnx)
2 = −eikx . Considering

T 2 = −1 for spinful fermions, we obtain (TPnx)
2 = eikx = −1 for k⃗ = (π, ky, 0). Since

TPnx is an anti-unitary operator that satisfies < ϕ|ψ >=< TPnxψ|TPnxϕ >, we have

< ϕα(k⃗)|TPnx|ϕα(k⃗) >

=< (TPnx)
2ϕα(k⃗)|TPnx|ϕα(k⃗) >

= − < ϕα(k⃗)|TPnx|ϕα(k⃗) >= 0

(4.7)

which means the states TP |ϕα(k⃗) > and nx|ϕα(k⃗) > are orthogonal to each other.

Therefore, we prove that there are four degenerate orthogonal eigenstates along the

X-M line. We point out that the nonsymmorphic symmetry is crucial to protect the

four-fold degeneracy, while only P, T , and mz cannot stabilize DNLs. Likewise, we can

also understand the four-fold degeneracy along the M -A line considering mz, P , T , and

another nonsymmorphic symmetry n4z.

These DNLs protected by nonsymmorphic symmetries are similar to those DNLs ob-

served at the BZ edges in ZrSiS and HfSiS (e.g., [26, 180]). We find that the Berry phase

along a loop (indicated in Fig. 4.1b) including such a DNL is zero. Therefore, we do not

expect apparent topological surface states related to these DNLs. It is still interesting to

point out that the density of states scales linearly to the energy for DNLs. Then one can

expect different correlation effects in DNL semimetals from a nodal point semimetal and

a normal metal [48,80]. For IrO2, such DNLs appear at the Fermi energy, while they stay

far below the Fermi energy in ZrSiS-type compounds. These DNLs may be responsible for

the high conductivity and large magneroresistance [115,173].
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4.1 Dirac nodal line induced spin Hall effect

Table 4.1: SHC for IrO2, OsO2, and RuO2. The Fermi energy is set to the charge
neutral point. The SHC is in units of (ℏ/e)(Ω · cm)−1.

IrO2 OsO2 RuO2

σz
xy 8 9 83
σy
zx –253 –311 –238
σx
yz –161 –541 –284

4.1.6 Dirac nodal lines and spin Hall effect

The first type of DNLs, DNL networks without SOC, indicate the existence of a strong

SHE in RO2. It is known that band anti-crossing induced by SOC can lead to a large

intrinsic SHC. To maximize the SHC, one needs to increase the number of band anti-

crossing points, i.e., nodal points in the absence of SOC. Therefore, a DNL, an assemble

of continual nodal points in the BZ, can induce a strong SHE. The DNL networks that

constitute many DNLs will further enhance the SHE. Because such type of DNLs without

SOC are usually protected by the mirror symmetry, it will be insightful to look for SHE

materials in space groups that host many mirror or glide mirror planes. This argument

seems consistent with the fact that current best SHE materials are usually Pt and W

metals(e.g. [69, 206]) from the high-symmetry space groups.

Next, we compute the intrinsic SHC for RO2 compounds following Eq. 5.3 based on the

band structure including SOC. The SHC σk
ij is a second-order tensor with 27 elements.

The number of independent nonzero elements of the SHC tensor is constrained by the

symmetry of the system. We have only three independent nonzero elements, σz
xy = −σz

yx,

σy
zx = −σx

zy, and σ
x
yz = −σy

xz. We list their values in Table I for all the three compounds.

The SHC of OsO2 is larger than that of RuO2, and Os-5d bands exhibit much stronger SOC

than Ru-4d bands. The SHC is dependent on the Fermi energy of the system. Because

Ir has one more electron than Os/Ru, the Fermi surface of IrO2 is higher than that of

OsO2 and RuO2 although their band structures look very similar (see Figs. 4.1d-f). Thus,

IrO2 displays a smaller SHC than OsO2 although Ir has stronger SOC. For all the three

compounds, the SHC is very anisotropic, as can be seen from Table I. Here, the largest

SHC of RO2 is still smaller than that of Pt [σz
xy ∼ 2000(ℏ/e)(Ω · cm)−1]. However, RO2

may exhibit a large spin Hall angle (the ratio of the SHC over the charge conductivity)

owing to their high resistivity compared to a pure metal, as already found in IrO2 [58].

Here, we also demonstrate the direct correspondence between DNLs and the SHC. Since

the SHC is obtained by integrating the spin Berry curvature over the BZ, we show the

distribution of Ωx
n,yz(k⃗) in the (110) mirror plane that hosts DNLs. In the band structure
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4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.3: DNLs and SHE in IrO2. (a) Band structure without SOC along a first-
type DNL. Blue curves represent the DNL that connects the HP and the
OP in the (110) or (1̄10) mirror plane. (b) Band structure with SOC
along the same line. A gap opens along the nodal line due to SOC. (c)
Distribution of the spin Berry curvature Ωx

n,yz(k⃗) inside the (110) mirror

plane. Here, Ωx
n,yz(k⃗) is summarized over all bands below the SOC split

gap. It is clear that the spin Berry curvature is dominantly contributed by
the DNL regions. The blue and red colors represent negative and positive
values of the spin Berry curvature in unit of (Å−1)2
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

along DNLs in Fig. 4.3, the SOC clearly gaps a DNL that connects a HP and an OP.

Correspondingly, one can find two ”hot lines” of the spin Berry curvature, which is the

anti-crossing region of the DNLs. Thus, it is clear that the first-type DNLs contribute to

a large SHC for IrO2-type materials. In contrast, the second-type DNLs at the BZ edges

(e.g., that along M -A in Fig. 4.3c) show a slight contribution to the SHC.

4.1.7 Conclusions

To summarize, we found two types of DNLs in metallic rutile oxides IrO2, OsO2, and

RuO2. First-type DNLs form networks that extend in the whole BZ and appear only in the

absence of SOC, which induces surface states at the boundary. The second type of DNLs

is stable against SOC because of the protection of nonsymmorphic symmetry. Because of

the SOC-induced gap for first-type DNLs, a large intrinsic SHE can be realized in these

compounds. This explains the strong SHE observed in IrO2 in the previous experiment.

Moreover, our calculation suggests that OsO2 will behave even better than IrO2 in SHE

devices, as OsO2 shows a larger intrinsic SHC. Our work implies that first-type DNLs (or

nodal points that can be gapped by SOC) and the SHE maybe commonly related to each

other, indicating new guiding principles to search for DNLs in SHE materials or enhance

the SHE by DNLs in the band structure. For example, it will be insightful to look for

SHE materials in high-symmetry space groups with many mirror or glide mirror planes,

which can induce the first type of DNLs.

4.2 Spin current from temperature gradient: spin Nernst

effect in InBi

Because of the recent experimental progress also the spin Nernst effect (SNE), the thermo-

electrical counterpart of the SHE, has attracted much interest. Empirically strong SHEs

and SNEs are associated with d-band compounds, such as transition metals and their alloys

– the largest spin Hall conductivity (SHC) in a p-band material is ∼ 450 (ℏ/e) (Ω · cm)−1

for a Bi-Sb alloy, which is only about a fifth of platinum. This raises the question whether

either the SHE and SNE are naturally suppressed in p-bands compounds, or favorable

p-band systems were just not identified yet. Here we consider the p-band semimetal InBi,

and predict it has a record SHC σz
xy ≈ 1100 (ℏ/e) (Ω · cm)−1 which is due to the presence

of nodal-lines in its band structure, similar to what we have seen in Ir2 family of materials.

Also the spin-Nernst conductivity αy
zx ≈ 1.2 (ℏ/e)(A/m ·K) is very large, but our analysis
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4 Linear response of spin current: spin Hall and Nernst effect

shows its origin is different as the maximum appears in a different tensor element. This

insight gained on InBi provides guiding principles to obtain a strong SHE and SNE in

p-band materials and establishes a more comprehensive understanding of the relationship

between the SHE and SNE.

4.2.1 Introduction

Apart from the SHE, a transverse spin current can be generated by a temperature gradient

instead of an electric field, which constitutes the spin Nernst effect (SNE) [95, 133, 184].

The SNE can also be formulated via the Kubo formula approach based on the electronic

band structure [6, 9, 30, 141, 185, 208, 209, 227, 234]. Thus the electronic band structure

plays a crucial role in searching and designing strong SHE and SNE materials.

Though the precise reason is not clear to date, empirically materials with a strong SHE

are primarily dominated by d-orbital-related compounds [74, 99, 177, 186, 206] such as 5d-

transition metals and alloys. The largest spin Hall conductivity (SHC) found in p-band

materials is in a Bi-Sb alloy [46,174] at only around 450 ((ℏ/e) (Ω · cm)−1). Very recently,

it was found that the nodal line band structure could generate strong SHCs because of

the large local SBC [199, 200]. Employing this guiding principle, we theoretically predict

a large intrinsic SHC of about 1100 ((ℏ/e) (Ω · cm)−1) in the p-band semimetal InBi.

Substitution of the electric field by a temperature gradient, reveals a large spin Nernst

conductivity (SNC) of about 1.2 (ℏ/e)(A/m · K) at 300 K. This shows that the SNE

and SHE can be strongly enhanced by the topological band structure and that the large

SNC and SHC need not be intrinsically weak in cheaper and therefore commercially more

attractive p-band materials. Though both the intrinsic SHE and SNE can be understood

from the SBC, their largest value appears at different tensor elements, implying different

origins.

4.2.2 Spin Nernst formalism and model parameter

To understand the effect of the nodal line band structure on the SHE and especially

the SNE, we first consider two simple systems by effective model Hamiltonians. From the

high-symmetry Benervig-Hughes-Zhang (BHZ) model for quantum spin Hall insulators [8],

where sz is maintained as a good quantum number (see the method section), the band

structure is presented as a nodal line without considering spin-orbit coupling (SOC). As

soon as SOC is taken into consideration, the linear band crossing is gapped and leads to

a quantized spin Hall conductance in the band gap [199]. Though the spin Hall conduc-
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

Figure 4.4: Band structure, SHC, and SNC in the effective BHZ model. (a)
Nodal line energy dispersion of the high symmetry effective BHZ model
without the inclusion of SOC. (b) SOC breaks the nodal line with opening
a global band gap after SOC is taken into consideration. The distribution
of SBC and SNBC at charge neutral point are given above and below the
energy dispersion. (c-d) Energy-dependent SHC and SNC, respectively.
(e-h) The same as (a-d) but for the symmetry-reduced model. The color
bars are in arbitrary units.
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4 Linear response of spin current: spin Hall and Nernst effect

tance reaches the maximum value at the charge neutral point, the spin Nernst conductance

is zero there because of the electron and hole symmetry. Comparing the SBC and spin

Nernst Berry curvature (SNBC) distribution in reciprocal space, it is found that the SNBC

is zero at any k-point, while the SBC has a strong hot ring from the nodal-line-like band

anti-crossing (see Fig. 4.4(b)). From Eq. (4), one can find that the SNBC is actually a

redistribution of the SBC because of the temperature effect, which should be canceled out

by the electron-hole symmetry. To break the electron-hole symmetry, we have reduced the

symmetry of the effective model Hamiltonian, making the system non-insulating. Com-

pared to the high-symmetry model, the nodal line in the symmetry-reduced model has a

dispersion in energy space, and the Fermi velocities are different along the x and y di-

rections. As there is no global gap, the spin Hall conductance is not quantized anymore

(Figs. 4.4(f–g)). Meanwhile, a finite spin Nernst conductance appears at the charge neu-

tral point. In Figs. 4.4(b,f), we also analyzed the SBC and SNBC distribution in the

kx − ky plane. Because of the dispersion of the nodal ring, the high intensity of the SBC

changes from a hot ring to two hotspots, resulting in a non-zero SNBC, as presented in

the lower panel of Fig. 4.4(f). By integrating the SNBC, one can obtain a non-zero spin

Nernst conductance at the charge neutral point. Therefore, the non-zero SNC must break

the balance of the SHC distribution in energy space.

The SNC is calculated via

αk
ij =

1

T

∫
BZ

d3k

(2π)3

∑
n

ΩS,k
n,ij(k⃗)[(En − EF )fnk⃗ + kBT ln (1 + exp

En − EF

−kBT
)], (4.8)

A 500 × 500 × 500 k-grid in the BZ was used for the integral of the SHC and SNC. For

convenience, we call ΩSN,k
n,ij =ΩS,k

n,ij(k⃗)[(En − EF )fnk⃗ + kBT ln (1 + exp En−EF

−kBT
)] the SNBC.

The BHZ model [8] around the Γ point is written in the form of

Heff (k⃗) =

(
H(k⃗)

H∗(−k⃗)

)
H(k⃗) = ε(k⃗) + di(k⃗)σi

(4.9)

where σi are the Pauli matrices, d1 + id2 = A(kx + iky), and d3 =M −B(k2x + k2y). In our

calculations, for Figs. 4.4(a–c), we have set the parameters of A = −0.1 eV Å, B = −0.5

eV Å
2
, and M = 0.1 eV.

In order to obtain a non-zero SNC, we break the balance of the SHC by reducing the
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

symmetry:

Heff (k⃗) =

(
H

′
(k⃗)

H∗′(−k⃗)

)

H ′(k⃗) = d
′

1σ1 + d
′

2σ2 +

(
M1 − (B1k

2
x +B2k

2
y) 0

0 −[M2 − (B2k
2
x +B1k

2
y)]

) (4.10)

where d
′
1+ id

′
2 = A1kx+ iA2ky. The parameters are A1=0.05 eV Å, A2= 0.1 eV Å, B1=-1

eV Å
2
, B2=-0.5 eV Å

2
, M1=-0.3 eV, and M1=-0.5 eV.

To perform the integral in the whole BZ, we projected the continuous k⃗ · p⃗ model to the

lattice by the replacement of ki = (1/a)sin(aki) and k
2
i = (2/a2)(1− cos(aki)) with lattice

constant a=1 Å.

4.2.3 Band structure, spin Hall, and spin Nernst conductivity

The specific material InBi has been reported to exhibit nonsymmorphic symmetry-protected

nodal lines at the edge of the Brillouin zone (BZ) [45]. However, these kinds of nodal lines

are just band degeneracies from band folding between different BZs. According to previ-

ous studies, this kind of nodal line normally does not exhibit any topological charge or

SBC and, therefore, cannot generate the SHE and SNE [200]. In the current work, we

find another type of nodal line inside the BZ protected by mirror symmetry and rotation

symmetry, which generates a strong SHE and SNE. As shown in Fig. 4.5(b), there are four

classes of nodal lines, located in the high-symmetry planes of kx,y=0, kz=0, and kx±ky=0,

and high-symmetry line of Γ− Z, respectively. Without including the SOC, the inverted

bands have opposite mirror eigenvalues of 1 and -1, respectively, in the planes of kx,y=0,

kz=0, and kx ± ky=0, leading to the double degeneracy (not considering the spin degree

of freedom) of nodal line linear band crossings. Along the high-symmetry line of Γ − Z,

the double band degeneracy (highlighted by magenta in Fig. 4.5(c)) is due to the c4 ro-

tation symmetry with respect to the z-axis. As long as SOC is taken into consideration,

the spin rotation symmetry is broken and the linear band crossings are also gapped out,

as indicated in Figs. 4.5(c-d). This kind of band anti-crossing from the SOC is often

accompanied by strong band entanglements and yields a large SBC.

The SHC(σk
i,j) and SNC(αk

i,j; i, j, k = x, y, z) are 3× 3× 3 tensors, representing the spin

current J⃗k
si generated by the electric field E⃗ via J⃗s

k

i =
∑
j

σk
ijE⃗j and temperature gradient
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4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.5: Lattice and electronic band structure for InBi. (a) Tetragonal lat-
tice structure in InBi with space group P4/nmm. The lattice parameters
are a = b=4.9846 Å and c=4.8116 Å. (b) Nodal line distribution in BZ.
Here only the nodal lines without the inclusion of SOC are shown, and
they are gapped out by SOC. (c-d) Energy dispersion without and with
the inclusion of SOC. The nodal ring linear band crossings in kz = 0,
kx,y = 0, and kx ± ky = 0 planes, are labeled by orange, cyan, and green
circles, respectively, in (c). The band anticrossing opened by SOC on the
Γ-M is also labeled by an orange circle. The nodal line on Γ-Z is high-
lighted by magenta. The transition point of band occupation are labeled
by black dots in (d).
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

Figure 4.6: SHC and SNC in InBi. (a, b) Energy dependent SHC and SNC for
the three independent tensor elements. (c,d) The evolution of SHC and
SNC as the function of temperature. The solid curves and empty circles
in (d) are from equation 4.8 and Mott relation, respectively.
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−→
∇T by J⃗s

k

i =
∑
j

αk
ij

−→
∇T j, where J⃗s

k

i flows along the i-direction with the spin-polarization

along the k−direction, and E⃗j and
−→
∇T j are the j−component of the electric field E⃗ and

temperature gradient
−→
∇T , respectively. Based on linear response theory, for the specific

space group P4/nmm, there are only three independent tensor elements for both the SHC

and SNC tensor [100,182]:

Xx =

 0 0 0

0 0 Xx
yz

0 −Xy
zx 0

 , Xy =

 0 0 −Xx
yz

0 0 0

Xy
zx 0 0

 , Xz =

 0 Xz
xy 0

−Xz
xy 0 0

0 0 0


(4.11)

where X=σ and α represent the SHC and SNC, respectively. Therefore, there are only

three independent non-zero elements, following the relation of Xz
xy=-Xz

yx, X
y
zx=-Xx

zy, and

Xx
yz=X

y
xz.

Our calculations are fully consistent with the symmetry analysis. From the energy-

dependent SHC (Fig. 4.6(a)), one can see that the largest tensor element appears at σz
xy,

which can reach up to about 1100 ((ℏ/e) (Ω · cm)−1). Thus far, this is the only SHC above

1000 ((ℏ/e) (Ω · cm)−1) in the reported p-orbital compounds. This large value is robust

in a large energy window from E0–0.5 eV to the charge neutral points in the hole-doped

range. Therefore, hole doping is preferred from the SHE point of view. Furthermore, we

find that the SHC is robust with respect to temperature. The SHC only varies less than

5% from 0 K to room temperature, which is very similar to that in platinum [133]

From the above model analysis, we already know that a large SHC does not imply a

large SNC. To obtain a large SNC, the balance of the SHC distribution in energy space

must be broken. Based on this understanding, the robustness of the SHC in energy space

is not beneficial for the SNE, and a large SNC should not appear at αz
xy. Indeed, the

tensor element of αz
xy is very small, at about 0.2 ((ℏ/e)(A/m ·K)) at 300 K. However, a

quite large SNC is achieved at αz
xy, which can reach up to about 1.2 ((ℏ/e)(A/m ·K)) at

300 K. Because the SNE is very sensitive to temperature, we also analyzed the evolution of

the SNC as a function of temperature. As presented in Fig. 4.6(c), αz
xy is near-zero at low

temperatures below 100 K, and the αy
zx and αx

yz are also small (∼ 0.5 ((ℏ/e)(A/m ·K))).

All three components increase steadily with temperature, but αy
zx and αx

yz increase much

faster than αz
xy. This is the reason why αz

xy is so small even above 300 K.

For the conversion efficiency of the charge and heat current to the spin current not only

the absolute values of the SHC and SNC are important, but also the spin Hall angle (SHA)
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

Table 4.2: SHC, SHA, SNC, and SNA for InBi and Pt. The chemical potentiol is at
charge neutral point, and the temperature is 300 K. The unit for SHC and
SNC are (ℏ/e)(Ω · cm)−1 and ((ℏ/e)(A/m ·K)), respectively.

SHC SHA SNC SNA
Xz

xy 1100 0.3 0.2 0.04
InBi Xy

zx 300 0.09 1.2 0.28
Xx

yz 200 0.06 0.9 0.21

Pt Xz
xy 2200 0.11 3.0 0.20

and the spin Nernst angle (SNA). Due to the lack of experimental values for the electrical

conductivity and thermopower of InBi film, we have just used the bulk values to estimate

the SHA and SNA. Because of the large SHC (σz
xy) and small charge conductivity [35], the

SHA (θzSH,xy) can reach up to 0.3 (see Table I). Hence, the SHA in InBi is close to or even

larger than that in the 5d transition metals of Pt, W, and Ta. Similarly, in combination

with a large SNC and low thermalpower, the SNA can reach up to 0.21 and 0.28 for θxSN,yz

and θySN,zx, respectively. It should be noted that the thermalpower in bulk is normally

much larger than that in film form, so the SNA should also be much larger.

At low temperature, the SNC can be understood from the Mott relation as the derivative

of the SHC with respect to energy [111,235]:

αk
ij = −π

2

3

k2BT

e

∂σk
ij(E)

∂E
(4.12)

At a temperature of about 10 K, the SNC from both the Mott relation and SNBC formalism

converge to about zero. From Fig. 4.6(c), one can easily see that the ANC from the

two different formalisms of formula (2) and (3) agree very well with each other at low

temperatures from 10 to 100 K. As the slopes of the energy-dependent SHC for σy
zx and

σx
yz are significantly sharper than that in αz

xy, α
y
zx and αx

yz are much larger than αz
xy at

temperatures far away from 0 K.

We known that the intrinsic SHC and SNC can be understood as the integral of the

SBC and SNBC in the whole BZ. As the maximum elements are different for the SHC and

SNC, we choose the SBC and SNBC from two different components of σ(α)zxy and σ(α)yzx

to observe their distribution and temperature effect for the evolution from the SBC to

SNBC. From the above band structure analysis, we know that the special band structures

mainly focus on the high-symmetry planes of kx,y=0, kz=0, and kx ± ky=0, and high-

symmetry line of Γ− Z. Therefore, we have analysed the SBC and SNBC distribution in
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4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.7: Local Berry curvature ΩS,z
xy (k⃗) and ΩSN,z

xy (k⃗) distribution on high
symmetry planes (a-c) and (d-f) are SBC and SNBC distribution on
the three planes of kz=0, ky=0, and kx + ky=0 planes, respectively. The
nodal lines are also shown by orange, cyan, green circles, and magenta
curves, respectively. The color bars are in arbitrary units.
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

all the three planes of kx,y=0, kz=0, and kx + ky=0.

First, we analyzed the component of ΩS,z
xy , which contributes to the large tensor element

for the SHC. Fixing the energy at the charge neutral point, as shown in Fig. 4.7(a),

the large SBC in the kz=0 plane is mainly dominated by the Γ- centered nodal ring.

In addition, there exist other hotspots on the Γ-M line near the M point, which is not

exactly located on the nodal ring. This is because the SBC is indeed determined by the

band structure with the SOC. The gapless linear band crossing transforms to a band

anti-crossing by the SOC. Comparing the linear crossing point K1 (highlighted by orange

circle) in Fig. 4.5(b) and the corresponding band anti-crossing point K1′ in Fig. 4.5(c),

we can find that the K1′ is much closer to the M point than K1. Therefore, the hotspots

along Γ-M do not exactly lie on the corner of the gapless nodal ring. In addition, the

Fermi level does not lie in the band gap of the band anti-crossing but slightly cuts the

conduction band, which also implies the strong entanglement between the conduction and

valence band around the band anti-crossing points.

Meanwhile, in the ky=0 plane, there are two types of hotspots, one from the nodal ring

in the ky=0 plane and the other on the line Z-Γ-Z. The ΩS,z
xy from the nodal line on

Z-Γ-Z is much larger, which is related to the magenta bands in Figs. 4.5(c–d). There are

also two types of hotspots in the kx + ky=0 plane, one from Z-Γ-Z as that in the ky=0

plane and the other from the Z-point-centred nodal ring. From Figs. 4.7(b–c), one can

find some empty parts with a zero SBC and shape edge transition, such as the Γ- and

Z-centred areas. This is due to the shape evolution of the band occupation, such as the

band around the Γ point, as shown in Fig. 4.5(d). For the k point from R to Γ, the

valence band changes from an occupied band to a non-occupied band after a transition k

point (highlighted by the black dot). Similar behavior is also exhibited for the other areas

with an empty SBC.

After taking the temperature effect into consideration, the SNBC (ΩSN,z
xy ) also mainly

originates from the four classes of nodal lines as that for the SBC. The main difference is

that the shape edge transitions in the empty SBC areas are replaced by the hotspot of the

SNBC (see Figs. 4.7(d–f)). This is because the temperature effect smoothens considerably

the transition of the band occupation, and the shape transition of the SBC around the

edge of the empty area yields a large SNBC.

Similar to ΩS,z
xy , the component of ΩS,y

zx is dominated by the four classes of nodal lines,

but the volume of the negative part is larger than that of ΩS,z
xy (see Figs. 4.8(a–c)), leading

to a relatively smaller absolute value for the SHC tensor element σy
zx. As the negative

SNBC(ΩNS,y
zx ) primarily originates from the sharp transition of the SBC around the edge
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4 Linear response of spin current: spin Hall and Nernst effect

Figure 4.8: Local Berry curvature distribution on high symmetry planes for
the component of ΩS,y

zx (k⃗) and ΩSN,y
zx (k⃗) (a-c) and (d-f) are SBC and

SNBC distribution on the three planes of kz=0, ky=0, and kx + ky=0
planes, respectively. The nodal lines are also shown by orange, cyan,
green circles, and magenta curves, respectively. The color bars are in
arbitrary units.
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4.2 Spin current from temperature gradient: spin Nernst effect in InBi

of the zone with an empty SBC, the small magnitude of ΩS,y
zx generates a relatively small

SNBC for the same tensor component. Comparing Figs. 4.7 and 4.8, the Γ- centered

negative hot rings for ΩSN,z
xy in Figs. 4.7(d) and (f) are almost invisible in Figs. 4.8(d) and

(f) for ΩSN,y
zx . Moreover, the Γ- centered negative hot ring for ΩSN,y

zx in Fig. 4.8(e) is also

considerably weaker than ΩSN,z
xy in Fig. 4.8(d). Because both components of αz

xy and αy
zx

are positive values, the smaller negative ΩNS,y
zx directly leads to a larger αy

zx in comparison

to αz
xy.

In summary, from our calculations, we predict a large SHC and SNC in the p-band

semimetal InBi. Due to the contribution of the nodal lines in the band structure of InBi,

the σz
xy component of the SHC can reach up to about 1100 ((ℏ/e) (Ω · cm)−1), the only

SHC above 1000 ((ℏ/e) (Ω · cm)−1) in the reported p-band systems. In contrast to the

intuition that a large SHC is always accompanied by a large SNC, we find that the largest

value for the SHC and SNC appear in a different third-order tensor element. The size of the

SNC is mainly dependent on the breaking of the balance of the SHC distribution in energy

space and gives the largest SNC of about 1.2 ((ℏ/e)(A/m ·K)) at the tensor element αy
zx,

which is close to that in the 5d transition metal platinum. These results on InBi provide

more general guiding principles to obtain a strong SHE and SNE in commercially more

attractive p-band compounds and establishes a more comprehensive understanding of the

relationship between the SHE and SNE in these materials.
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5 Spin current in non-collinear

antiferromagnets: spin Hall and spin

polarized current

In this chapter, we study both the intrinsic spin Hall effect (even) and extrinsic spin-

polarized charge current (odd) in non-collinear antiferromagnets. Moreover, the shape of

the spin current response tensor under various magnetic order is investigated both with

and without SOC. We find the spin Hall effect could arise from the non-collinear magnetic

order without SOC.

In the previous chapter, we have shown Eq. (1.11), (1.10) could describe time reversal

even and odd spin-conductivity respectively. Since the later one (known as the spin-

polarized charge current) requires the breaking of time-reversal symmetry, it is normally

believed to exist only in ferromagnets. Our study reveals that the spin-polarized charge

current could also exist in non-collinear antiferromagnets with zero net magnetic moment,

which paves the way to realize the antiferromagnetic metallic or tunneling junction.

5.1 Spin Hall effect emerging from a noncollinear

magnetic lattice without spin-orbit coupling

The spin Hall effect, which converts a charge current into a transverse spin current, has long

been believed to be a phenomenon induced by the spin-orbit coupling. Here, we identify

an alternative mechanism to realize the intrinsic SHE through a noncollinear magnetic

structure that breaks the spin rotation symmetry. No spin-orbit coupling is needed even

when the scalar spin chirality vanishes, different from the case of the topological Hall

effect and topological SHE reported previously. In known noncollinear antiferromagnetic

compounds Mn3X (X = Ga, Ge, and Sn), for example, we indeed obtain large spin Hall

conductivities based on ab initio calculations.

64



5.1 Spin Hall effect emerging from a noncollinear magnetic lattice without spin-orbit

coupling

5.1.1 introduction

The SHE in materials is generally believed to rely on spin-orbit coupling (SOC) [67, 74,

129,186]. In typical SHE devices, the generated spin current is injected into a ferromagnet

(FM) and consequently switches its magnetization via the spin-transfer torque [119, 134]

or drives an efficient motion of magnetic domain walls. [158,247] The SHE is conceptually

similar to the well established anomalous Hall effect (AHE). In recent decades, the under-

standing of the intrinsic AHE [142] and intrinsic SHE [141,185] was significantly advanced

based on the concept of the Berry phase, [234] which originates directly from the electronic

band structure. Although the AHE requires the existence of SOC in an FM, it also ap-

pears in a non-coplanar magnetic lattice without SOC, where an electron acquires a Berry

phase by hopping through sites with a noncoplanar magnetic structure (nonzero scalar

spin chirality) [153, 203], later referred as the topological Hall effect (THE) [14]. Thus,

in experiment the THE-induced Hall signal is considered as a signature of the skyrmion

phase with chiral spin texture [90, 146]. Provoked by THE, recent numerical simulations

of the spin scattering by a single skyrmion indicated the presence of a finite SHE even

without SOC [15, 145, 250], which is termed as a topological SHE. Thus, the topological

SHE has been presumed to stem from the Berry phase due to the nonzero spin chirality of

the skyrmion. However, the origin of the spin current is elusive in the topological SHE, for

it is hard to separate it from the spin-polarized charge current of THE. Here, we pose new

questions one step further. Is the skyrmion-like spin texture (nonzero scalar spin chirality)

always necessary to generate a SHE without SOC? What is the generic condition for a

SHE without SOC?

We propose a mechanism to realize the SHE with the noncollinear magnetic structure

but without SOC. The crucial role of SOC is to break the spin rotational symmetry

(SRS) in SHE. Alternatively, it is known that common noncollinear magnetic textures

can also violate the SRS, thus resulting in the SHE. Different from THE and topological

SHE in symmetry, such an SHE appears universally for the noncollinear magnetic lattice,

regardless of the scalar spin chirality. For example, it can even emerge in a coplanar

magnetic structure where the scalar spin chirality is zero. Here, we first prove the principle

from the symmetry analysis in a simple lattice model. Then, we demonstrate the existence

of a strong SHE in several known materials Mn3X (X =Ga, Ge, and Sn) [143,144] by ab

initio calculations without including SOC.
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Collinear FM Collinear AFM Coplanar Noncoplanar

Without	
SOC

AHE × × × √
SHE × × √ √

With SOC
AHE √ × √ √
SHE √ √ √ √

Figure 5.1: Symmetry conditions for the existence (
√
) or absence (×) of AHE and

SHE in collinear FM, collinear AFM, coplanar, and noncoplanar magnetic
lattices with and without SOC. Note that the SHE is symmetry allowed
when the magnetic ordering is coplanar (but noncollinear) even without
SOC (see text).

5.1.2 Double-exchange model and symmetry analysis

The existence of the SHE and AHE in metals is determined by symmetry (in insulators

apart from symmetry also the topology of the electronic structure is important). The

symmetry of magnetic systems is normally described in terms of magnetic space groups,

which contain, apart from the spatial symmetry operations, also the time-reversal sym-

metry operation. In absence of SOC (or other terms in the Hamiltonian that couple the

magnetic moments to the lattice such as the shape anisotropy), however, the symmetry of

the magnetic systems is higher than that contained in the magnetic space groups since the

spins can be rotated independently of the lattice. This can be illustrated by considering

the following minimal Hamiltonian

H = t
∑

<ij>α

c†iαcjα − J
∑
iαβ

(σ · ni)αβc
†
iαciβ, (5.1)

known as the double-exchange model (s-d model) [2, 37, 259] which describes itinerant s

electrons interacting with local d magnetic moments. We assume that magnetic moments

are only contributed by the spin degrees of freedom. Here, α and β stand for spin up and

spin down, respectively. The first term is the nearest neighbor hopping term with < ij >
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denoting the nearest neighbor lattice sites. In the second term, J is the Hund’s coupling

strength between the conduction electron and the on-site spin moment, σ is the vector

of Pauli matrices, and ni is the spin magnetic moment on site i. The magnetic texture

is defined by the pattern of ni. In such a Hamiltonian, spin rotation only rotates the

magnetic moments ni. The corresponding symmetry groups are thus formed by combining

the magnetic space groups with spin rotations. [12,116] Such symmetry groups are referred

to as spin-space groups. They apply generally for non-interacting Hamiltonians in absence

of spin-orbit coupling.

We focus here only on the intrinsic contribution to the AHE and SHE, however, the

other (extrinsic) contributions have the same symmetry and thus the symmetry discussion

in the following is general. The intrinsic AHE and intrinsic SHE are well characterized

via the Berry curvature formalism [67, 142, 186, 234] as we have presented in previous

chapter. Here we write out the Berry curvature of spin Berry curvature expression for

the convenience of symmetry discussion. The anomalous Hall conductivity σαβ can be

evaluated by the integral of the Berry curvature Ωn
αβ(k) over the Brillouin zone for all

the occupied bands, where n is the band index. It should be noted that this method can

also be applied to THE, although it is commonly interpreted using the real space spin

texture. Here, σαβ corresponds to a 3×3 matrix and indicates a transverse Hall current jα

generated by a longitudinal electric field E, which satisfies Jα = σαβEβ. Within a linear

response, Berry curvature can be expressed as

Ωn,αβ(k⃗) = 2iℏ2
∑
m ̸=n

⟨ψnk| v̂α |ψmk⟩ ⟨ψmk| v̂β |ψnk⟩
(En(k⃗)− Em(k⃗))2

, (5.2)

where n and m are band indices, and ψnk and Enk denote the Bloch wave functions and

eigenvalues, respectively, and v̂ is the velocity operator. Replacing the velocity operator

with the spin current operator Ĵγ
α =

1

2
{v̂α, ŝγ}, where ŝγ is the spin operator, we obtain

the spin Berry curvature,

Ωγ
n,αβ(k) = 2iℏ2

∑
m̸=n

⟨ψnk| Ĵγ
α |ψmk⟩ ⟨ψmk| v̂β |ψnk⟩
(Enk − Emk)2

. (5.3)

The SHC (σγ
αβ; α, β, γ = x, y, z) is a third-order tensor (3× 3× 3) and represents the spin

current Jγ
s,α generated by an electric field E via Jγ

s,α = σγ
αβEβ, where J

γ
s,α is a spin current

flowing along the α-direction with the spin-polarization along the γ-direction, and fn(k)

is the temperature dependent Fermi-Diract distribution.
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We know that AHE vanishes while SHE remains if the time-reversal symmetry (operator

T ) exists in the system. In Eq. 5.2, T reverses the velocities v̂α,β and brings an additional

“−” sign by the complex conjugate. Thus, σαβ = 0 owing to Ωn,αβ(k⃗) = −Ωn,αβ(−⃗k). In

contrast, In Eq. 5.3, T generates one more “−” sign by reversing the spin in Jγ
α . Then, σ

γ
αβ

can be nonzero since Ωγ
n,αβ(k⃗) is even in k-space. In a magnetic system without SOC, T is

broken, but a combination of T and a spin rotation (operator S) can still be a symmetry.

For example, a coplanar magnetic system shows a TS symmetry, in which S rotates all

spins by 180◦ around the axis perpendicular to the plane. Since S does not act on v̂α,β,

TS causes vanishing σαβ just as T alone. In a general noncoplanar magnetic lattice, the

TS symmetry is naturally broken, because one cannot find a common axis about which

all spins can be rotated 180◦ at the same time, and thus the AHE can exist without SOC.

The situation is different for the SHE since Jγ
α in Eq. 5.3 contains an additional spin

operator. As a consequence, (assuming that S is a rotation around the z axis) TS forces

Ω
x/y
n,αβ(k⃗) to be odd where spin ŝx or ŝy is reversed by TS, but Ωz

n,αβ(k⃗) to be even where

ŝz is unchanged by TS. Then, one can obtain zero σ
x/y
αβ but nonzero σz

αβ. In a collinear

magnetic lattice there exists more than one spin rotation S such that TS is a symmetry

of the system and thus all of the σγ
αβ components have to vanish. Therefore, we can argue

that SHE can exist without SOC in general noncollinear magnetic lattices, regardless of

FM, AFM, or the scalar spin chirality (coplanar or noncoplanar). In contrast, the AHC is

zero for a coplanar magnetic lattice (zero scalar spin chirality), since TS acts as T alone

in Eq. 5.2.

When SOC is included, SHE is allowed by symmetry in any crystal, [182] while the

AHE, on the other hand, can be present in magnetic systems that are not symmetric

under time reversal combined with a translation or inversion (for example, a conventional

collinear AFM). We summarize the necessary conditions for the existence of AHE and

SHE in systems with and without SOC in Fig. 5.1.

To demonstrate that the SHE can indeed be nonzero without SOC, we consider the

s–d Hamiltonian (5.1) projected on a kagome lattice with the so-called q = 0 magnetic

order, shown in Fig. 5.2(a). Such a coplanar AFM order is well studied in theory [27,153]

and appears in many realistic materials even at room temperature, for example Mn3X

(X = Ir, Ga, Ge, and Sn) [108, 143, 144, 263, 264, 267] as we discuss in the following. For

comparison, the SOC effect is also considered by adding to H in Eq. 5.1,

Hso = it2
∑

<ij>αβ

vij(σ · nij)αβc
†
iαcjβ, (5.4)
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where vij is the antisymmetric Levi-Civita symbol and nij are a set of coplanar vectors

anticlockwise perpendicular to the lattice vector Rij, as defined in Ref. [27] and t2 is the

SOC strength.

We first analyze the symmetry of the SHC tensor for the q = 0 magnetic order. Note

that we use the Cartesian coordinate systems defined in Fig. 5.2. As discussed above,

the existence of the TS symmetry leaves only σz
αβ terms in the absence of SOC. Further,

the combined symmetry TMx, in which Mx is the mirror reflection along x and flips ŝz

and v̂x in Eq. 5.3, leads to σz
xx = σz

yy = 0. We further obtain only two nonzero SHC

tensor element σz
xy = −σz

yx by considering the three-fold rotation around z. The magnetic

order shown in Fig. 5.2(b) will also be relevant for the discussion in the following. This

magnetic configuration differs from the q = 0 case only by a two-fold spin rotation around

the y-axis and thus, without SOC its symmetry is exactly the same as that of the q = 0

case.

Setting the Hund coupling constant J = 1.7t and SOC strength t2 = 0, we calculate

the spin Berry curvature via Eq. 5.3. As expected, we find nonzero SHC σz
xy fully

in agreement with the symmetry considerations. Figures 5.3a and 5.3b show the band

structures with t2 = 0 and t2 = 0.2t, respectively. One can see that SOC modifies slightly

the band structure by gaping some band crossing points such as the BZ corners (K).

Without SOC, we already observe nonzero σz
xy, while adding SOC reduces σz

xy slightly at

the Fermi energy that is set between the first and second bands at about –2.7 eV. We

plot corresponding spin Berry curvature Ωz
xy in the hexagonal BZ In Figs. 5.3d and 5.3e.

Large Ωz
xy appears in the BZ without SOC, leading to net σz

xy. The SOC simply brings an

extra contribution to σz
xy at the band anti-crossing region around the K point.

5.1.3 Realistic materials

After proving the principle, we now identify materials that show strong SHE with negligible

contribution from SOC. We naturally consider Mn3X (X=Ga, Ge, Sn, and Ir) compounds,

since they exhibit non- collinear AFM order at room temperature (the AFM Néel tem-

perature is over 365 K). Our recent ab initio calculations showed a sizable intrinsic SHE

by including SOC [267]. Here, we further point out that SHE still presents without SOC

and SOC actually plays a negligible effect for SHE in these materials.

The primitive unit cell of Mn3Ga, Mn3Ge and Mn3Sn (space group P63/mmc, No. 194)

includes two Mn3X planes that are stacked along the c-axis according to a “–AB–AB–”

sequence. Inside each plane, Mn atoms form a kagome-type lattice with Ga, Ge, or Sn
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Figure 5.2: Noncollinear order in kagome lattice and the magnetic structure of Mn3Ir
and Mn3X (X = Ga, Ge, and Sn). (a) The q = 0 order in the kagome
lattice, with magnetic moments located as 2D Mn plane in Mn3Ir, (b)
Two-fold spin rotation around y-axis of configuration (a), corresponding
to Mn planes in Mn3X (X = Ga, Ge, Sn), (c) The face-centered cubic
crystal structure of Mn3Ir, (d) The hexagonal crystal structure of Mn3X
(X = Ga, Ge, and Sn).
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Figure 5.3: Electronic band structures q = 0 order in kagome lattice, (a) without and
with SOC. (b) Energy-dependent SHC σz

xy. (c) Spin Berry curvature Ωz
xy

distribution of first BZ at Fermi energy −2.7 eV (horizontal line) without
SOC and (d) with SOC.
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Figure 5.4: Energy-dependent SHC tensor elements of σz
xy with and without SOC for

(a) Mn3Ga, (b) Mn3Ge, (c) Mn3Sn, and (d) Mn3Ir. The Fermi energy is
indicated by the dashed horizontal line.
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lying at the center of the hexagon formed by Mn. Both the ab initio calculation [263]

and neutron diffraction measurements [88,104,154] show that the Mn magnetic moments

exhibit noncollinear AFM order, where the neighboring moments are aligned at an angle

of 120◦, as in Fig. 5.2(b). Large AHE in room temperature has recently been reported in

Mn3Ge and Mn3Sn. [143,144] These materials also exhibit other exotic phenomena includ-

ing the Weyl semimetal phase, [243] magneto-optical Kerr effect, [53] anomalous Nernst

effect, [113] and topological defects. [118] Distinct from hexagonal Mn3X compounds, the

Mn3Ir (space group Pm3̄m, No. 221) crystallizes in a face-centered cubic structure with

Mn atoms in the [111] planes forming a kagome lattice with the q = 0 magnetic order.

The symmetry of the SHE without SOC in these materials can be understood using

a similar approach as we used for the 2D kagome lattice. The hexagonal Ga, Ge, and

Sn materials can be viewed as stacking versions of the kagome lattice and thus we find

that the symmetry of SHE is the same as the 2D kagome lattice, i.e. only σz
xy = −σz

yx is

nonzero. However, we find that SHE must vanish in Mn3Ir without SOC, which is imposed

by the higher symmetry of the cubic magnetic lattice. For completeness, we list the tensor

matrices without and with SOC for all these compounds in the appendix.

Since the SHC tensor shape imposed by the symmetry has been systematically inves-

tigated for these materials in Ref. [267], we only discuss one of the largest SHC tensor

elements σz
xy based on the ab initio calculations [105] of the SHC. For comparison, we show

the SHC without and together with SOC in Fig. 5.4. In the absence of SOC, Ga, Ge, and

Sn compounds indeed exhibit nonzero SHC σz
xy = −613, 115, and 90 (ℏ/e)(Ω · cm)−1, re-

spectively, at the Fermi energy. One can see that SOC induces very few changes in the

band structure and thereafter modifies the SHC weakly, especially at the Fermi energy for

Ga, Ge, and Sn compounds. It is intuitive to observe comparable σz
xy values for Ge and

Sn compounds, despite the fact that Sn exhibits much larger SOC than Ge. These facts

further verifies that the noncollinear magnetic structure, rather than SOC, is dominant

for the SHE. The Ga compound shows an opposite sign in SHC compared to the Ge/Sn

compound, since Ga has one valence electron fewer than Ge/Sn and the Fermi energy is

lower in Mn3Ga than in Mn3Ge/Mn3Sn.

5.1.4 discussion

Understanding the role SOC plays in the SHE is important for the fundamental under-

standing of the SHE, but also for practical reasons. It can help with the search for materials

with large SHE since in non-magnetic or collinear magnetic materials, SOC is necessary
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for SHE and thus the presence of heavy elements is generally required for large SHE. The

SHE without SOC proposed in this work suggests a new strategy to design SHE materials

without necessarily involving heavy elements. In noncollinear systems, the Rashba effect

can also appear without SOC [120]. The spin texture in the band structure may depend

sensitively on the real space spin texture. For example, we found that band structure spin

texture is different between the Kagome lattice and the triangular lattice.

We propose the general, necessary symmetry-breaking requirements (Fig. 5.1) for SHE

without SOC. It is worth noting that SHE can become zero without SOC in some non-

collinear magnetic lattice where additional symmetries forces the SHE to vanish. For

example, we have shown that in Mn3Ir the SHE vanishes in absence of SOC even though

it has a noncollinear magnetic structure. This is a consequence of its high-symmetrical

cubic structure. Similar situation could happen for AHE without SOC in a noncoplanar

magnetic lattice, such as the AFM skyrmion system [145].

In conclusion, we have shown that the SHE can be realized by a non-chiral coplanar

magnetic structure without involving the SOC. The noncollinearity of the magnetic lattice

can break the spin rotation symmetry and consequently allow the existence of SHE. By ab

initio calculations, we further predicted that such an SHE without SOC can be observed

in noncollinear AFM compounds Mn3X (X = Ga, Ge, and Sn). From our symmetry

considerations, an extrinsic SHE can appear when breaking the spin rotational symmetry.

Thus, we expect the extrinsic effect to also exist in our systems. Its amplitude will depend

on the details of the scattering, and cannot be estimated without microscopic calculations,

though in general for SHE the intrinsic contribution tends to be the dominant contribution.

By providing a general theoretical, symmetry based understanding of the SHE, our work

motivates a comprehensive search for SHE materials among noncollinear magnetic systems,

that not necessarily involve heavy elements. In addition, the close relation between the

SHE and the magnetic order suggests that the SHE may be used vice versa, as a probe

to establish and symmetry restrict the ground state magnetic structures of long-range

ordered antiferromagnets.

Regarding the strong correlated system, we would discuss the spin liquid material as

an example. RuCl3 has a rich magnetic phase diagram, with a complex zig-zag type

AFM long-range order at low temperatures, and even a quantum spin liquid phase in

applied magnetic field. According to our work, non-magnetic and collinearly ordered

phases have vanishing SHE without SOC. For the quantum spin liquid phase, it remains

unclear whether SHE appears without SOC. If yes, SHE would be a promising probe to

the spin liquid phase. We will study this very interesting question in the future.
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5.2 Spin-polarized current in non-collinear

antiferromagnets

Noncollinear antiferromagnets, such as Mn3Sn and Mn3Ir, were recently shown to be

analogous to ferromagnets in that they have a large anomalous Hall effect. Here we show

that these materials are similar to ferromagnets in another aspect: the charge current in

these materials is spin-polarized. In addition, we show that the same mechanism that

leads to the spin-polarized current also leads to a transverse spin current, which has a

distinct symmetry and origin from the conventional spin Hall effect. We illustrate the

existence of the spin-polarized current and the transverse spin current by performing

ab initio microscopic calculations and by analyzing the symmetry. We discuss possible

applications of these novel spin currents, such as an antiferromagnetic metallic or tunneling

junction.

5.2.1 Introduction.

Spintronics is a field that studies phenomena in which both spin and charge degree of

electron play an important role. Many of the key spintronics effects are based upon the

existence of spin currents. Two main types of spin currents are utilized: the spin-polarized

currents in ferromagnets (FMs) and the spin currents due to the spin Hall effect (SHE)

which are transveral to the charge current and appear even in non-magnetic materials.

The most important effects that originate from the spin-polarized currents in FMs are the

giant and the tunneling magnetoresistance effects (GMR and TMR) [86,135,137] and the

spin-transfer torque (STT) [169, 190]. These effects are utilized for magnetic sensing and

in the magnetic random access memories (MRAMs) [92]. This memory is non-volatite and

has speed and density comparable to the widely used dynamic random access memory.

The SHE is pivotal for spintronics since it allows transforming charge current into a spin

current. It is responsible (though other effects can contribute) for the spin-orbit torque

(SOT) [119, 134] in multilayer heterostructures, which can be used for efficient and fast

switching of FM layers. The SOT is now also being explored for use in MRAMs [151,163].

While spintronics has traditionally utilized FM and non-magnetic materials, in the past

few years also antiferromagnetic (AFM) materials have attracted a considerable interest.

AFMs offer some unique advantages compared to FMs, but are much less explored (see

reviews [5, 87, 127]). AFMs have a very fast dynamics, which allows for switching on ps

timescale [64,98,172]. Furthermore, there exists a wide range of AFM materials, including
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many insulators and semiconductors, multiferroics [43] and superconductors [122]. Utiliz-

ing (and also studying) AFMs is difficult, largely because the magnetic order in AFMs is

hard to detect and to manipulate.

AFM spintronics has so far focused mostly on collinear AFMs in which the electrical

current is not spin-polarized. This limits the spintronics effects that can be observed in

such AFMs. Here we show that this limitation only relates to the simple collinear AFMs.

We demonstrate by means of symmetry arguments and ab-inito calculations that in non-

collinear AFMs novel type of spin currents occur. These spin currents have a longitudinal

component (i.e., flowing along the same direction as the electrical current) or in other

words the electrical current is spin-polarized. Unlike in FMs, these spin currents also

have a large transverse component. Such a spin current resembles the SHE in that it is a

spin current transverse to the charge current, however, it is fundamentally distinct from

the SHE. A key distinction is that the spin currents we discuss here are odd under time-

reversal, whereas the SHE is even. This is analogous to the distinction between normal

current and the anomalous Hall effect (AHE).

Successful experimental demonstrations of electrical detection and manipulation of AFMs

has utilized relativistic effects which do not rely on the spin-polarized current [54,106,157,

214, 214, 216, 258]. These methods could be used to develop AFM spintronic devices, but

they have some disadvantages compared to the methods used in FMs. Our work shows

that in non-collinear AFMs spintronics could instead be developed along a similar route

as FM spintronics. As an example, we propose that a magnetoresistance and STT will be

present in an AFM junction.

The transverse spin currents are also important for spintronics as they allow for similar

functionality as the SHE, but have a different origin and symmetry. This could, for

example, be useful for the SOT since the high symmetry of SHE in commonly used metals

is limiting [128]. Additionally, the odd spin currents are directly relevant for experiments

which demonstrated a large SOT in non-collinear AFM/FM heterostructures [152, 170,

211,233,264].

We illustrate the existence of the novel spin currents on non-collinear AFMs Mn3Sn

and Mn3Ir, which have triangular magnetic configurations shown in Figs 5.5(a),(b). These

AFMs have recently attracted attention because they were shown to have a large anoma-

lous Hall effect (AHE) [27,108,143,144] as well as a magneto-optical Kerr effect [53], even

though they have only a very small net magnetization (which is not the origin of these ef-

fects). The conventional SHE in the non-collinear AFMs was already theoretically studied

in depth in Ref. [267], thus we focus here only on the odd spin currents.
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Mn3Sn Mn3Ir

(a) (b)

Figure 5.5: (a) Crystal and magnetic structure of Mn3Sn (as well as Mn3Ga and
Mn3Ge) and (b) Mn3Ir (as well as Mn3Rh, Mn3Pt).

5.2.2 Symmetry analysis and calculations.

The response of metals to electric fields can be described well by linear response theory.

Here we use the so-called constant Γ approximation, and calculte the spin-polarized current

from response formula shown in chapter 3.2.

Eqs. (1.10) and (1.11) transform differently under time-reversal because time-reversal

is an anti-unitary operator, which transforms the matrix elements as: ⟨nk| Â |nk⟩ →
⟨nk|TÂT |nk⟩∗ [81]. Because of the complex conjugation, the term (1.11) will contain

additional minus under a time-reversal transformation compared to the term (1.10). Thus

for conductivity the term (1.10) is even under time-reversal, while the term (1.11) is odd.

Note that equivalently these terms are also even resp. odd under the reversal of all mag-

netic moments. The even part describes the ordinary conductivity, while the odd part

describes the AHE. Since AHE is odd under time-reversal it can be nonzero only in a

magnetic system (assuming non-interacting electrons). Traditionally, it has been consid-

ered for FMs only, but recently it was shown that Eq. (1.11) is also nonzero and relatively

large in non-collinear AFMs [27,108]. Collinear AFMs are typically symmetrical under si-

multaneous time-reversal and lattice translation or under simultaneous time-reversal and

inversion and these symmetries prohibit the existence of AHE. In non-collinear AFMs,

both of these symmetries are usually broken and thus the non-collinear AFMs can, in

general, have an AHE.

For spin-conductivity, the transformation under time-reversal is precisely opposite be-

cause the spin current operator contains an additional spin operator which is odd under

time-reversal. Thus for spin-conductivity, Eq. (1.10) is odd under time-reversal, while Eq.

(1.11) is even. The spin-currents that are even under time-reversal are known as the SHE.
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The odd spin-currents were previously considered only in FMs, however, as we will show in

this manuscript they also exist in non-collinear AFMs (while in collinear AFMs they will

typically be prohibited by the same symmetries as AHE), in complete analogy to the AHE.

Since the intrinsic contribution to the spin currents in the triangular AFMs was recently

explored in detail in [267], we focus here only on the spin-currents that are odd under time-

reversal described by Eq. (1.10). To evaluate this equation, the ground state eigenvalues

and eigenfunctions are needed, which we obtain from a non-collinear density functional

theory calculation. We use the VASP code with the PBE-GGA exchange-correlation po-

tential. To make the calculation faster we utilize the Wannier interpolation [55,267].

Within linear response we can describe the spin current using a spin-conductivity tensor

σi
jk, such that

∑
k σ

i
jkEk is the spin current with spin-polarization along i and flowing in

the direction j. By considering all the symmetry operations and how they transform

the spin-conductivity tensor [81, 182, 212] we find that the odd spin currents are indeed

allowed by symmetry in the Mn3X compounds. Note that this symmetry analysis is not

related to the constant Γ approximation, but applies generally for any linear response. In

Table 5.1 we give the general form of the odd spin-conductivity tensors for Mn3Sn and

Mn3Ir. These symmetry tensors presume the existence of SOC. We find that the spin

currents in the triangular AFMs appear even without the SOC (note that this is also true

for the SHE in Mn3Sn [268]). In absence of the SOC, the symmetry is higher because

spin is then not coupled to the lattice directly. The symmetry restricted shape of the odd

spin-conductivity tensors in absence of SOC is also given in Table 5.1. These tensors can

be derived by considering the combination of symmetries of the nonmagnetic lattice with

pure spin rotations [12,116] and are in good agreement with our calculations.

In Fig. 5.6(a),(b) we plot the dependence of the magnitude of the odd spin currents in

Mn3Sn and Mn3Ir on Γ. As expected, for small Γ the odd spin currents are diverging as

1/Γ. The magnitude of the SHE is often given in terms of the spin Hall angle, which is

defined as e
ℏ
σi
jk

σkk
, where σkk is the conductivity [74]. Such quantity can be defined for any

spin current. To distinguish it from the conventional spin Hall angle we call it the spin

current angle (SCA). The SCA defined in this way is dimensionless. In Figs. 5.6(c),(d) we

plot the SCA as a function of Γ for Mn3Sn and Mn3Ir. To evaluate the SCA we calculated

the conductivity using Eq. (1.10). Since both the conductivity and the spin conductivity

scale as 1/Γ for small Γ, the SCA is independent of Γ for small Γ. As can be seen in Fig.

5.6 we find that large spin currents are present even in absence of the SOC.

We can estimate the value of Γ by comparing the calculated conductivity with the

experimental conductivity. For Mn3Ir the experimental conductivity at 300 K is 2.5 ×
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Table 5.1: Symmetry restricted form of the odd spin-conductivity tensors in Mn3Sn

and Mn3Ir with and without SOC. For Mn3Ir the tensors are given in the
coordinate system shown in Fig. 5.5(b). For Mn3Sn we use a cartesian
coordinate system related to the coordinate system in Fig. 5.5(a) in the
following way: x = a, y = (a+ 2b)/

√
3, z = c.
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Figure 5.6: Γ dependence of the odd spin currents in Mn3Sn and Mn3Ir. (a),(b) The
magnitude of the spin current for Mn3Sn and Mn3Ir respectively. Only
the largest component is shown for clarity. The dashed line denotes a
calculation without SOC. The dip in (b) corresponds to a sign change.
(c), (d) The SCA for Mn3Sn and Mn3Ir respectively.

104 (Ω · cm)−1 [241]. This corresponds to Γ ≈ 0.05 eV. For Mn3Sn we find that even

for very large values of Γ (up to 0.5 eV), the calculated conductivity is smaller than the

experimental conductivity. This is probably because real crystals contain a significant

amount of disorder, which cannot be captured by the constant Γ approximation.

For comparison, we calculated the odd spin currents in bcc Fe using the same method.

We find that within the constant Γ approximation the longitudinal SCA in Fe is ∼ 18%

and the transverse SCA is ∼ 1%. Note that such a calculation is only a rough estimate

because the spin-dependent scattering is very important in FMs.

Both Mn3Sn and Mn3Ir are not fully compensated, but have a small magnetic moment.

Since this magnetic moment is very small, it cannot explain the odd spin currents discussed

here. This is confirmed by calculation for Mn3Ir in which the net magnetic moment is set

to zero.
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Figure 5.7: (a) Simplified Fermi level of a non-collinear AFM. Green line denotes the
Fermi level, blue and gray arrows denote the mean values of spin and
velocity respectively. (b) Electric field causes a redistribution of electrons
at the Fermi level, signified by thicker or thinner green line. The arrows
inside the circle show the corresponding spin currents. (c),(d) The main
features of the Fermi level can be captured by considering only three types
of electrons with velocities oriented parallel or antiparallel with their spin.
(e),(f) Parallel and antiparallel states of the AFM junction. Gray dashed
arrow denotes direction of the spin current flow, blue arrows denote the
spin polarization of the spin current and red arrows denote the magnetic
moments.

5.2.3 Discussion

The spin currents discussed here are similar to the spin-polarized currents in FMs, but

they differ in some aspects. In FMs, in absence of SOC, spin is a good quantum number

and the current can be decomposed into a spin-up and spin-down currents. This is the

so-called two current model. Since the spin-up and spin-down electrons that carry the

current have different properties (such as density, velocity or scattering rate), the spin-up

and spin-down currents are different and the current is thus spin-polarized.

For non-collinear AFMs such description is not possible because in the presence of the

non-collinear magnetic order, spin is not a good quantum number even without SOC.

Therefore the electrons at the Fermi level can have spins oriented along various directions,

as illustrated in Fig. 5.7(a). Since there is no net magnetic moment, the integral of the

spin of all electrons is zero. The integral of spin times velocity also vanishes and thus

there is no spin current in equilibrium. Upon applying an electric field, electrons at the
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5 Spin current in non-collinear antiferromagnets: spin Hall and spin polarized current

Fermi level are redistributed (see Fig. 5.7(b)). This results in a net current as well as a

net spin current. The main features of the Fermi level depicted in Figs 5.7(a),(b) can be

captured by considering only three types of electrons, as illustrated in Figs. 5.7(c),(d). In

is then easy to verify that the redistribution of electrons results in both longitudinal and

transverse spin current (the resulting spin currents are shown in Fig. 5.7(b)). In contrast,

in FMs, in absence of SOC, the odd spin currents are only longitudinal.

We first focus on the longitudinal spin currents. These spin currents are analogous

to the spin-polarized currents in FMs and will thus have similar implications. When a

spin-polarized current is injected into an AFM it generates a STT which can efficiently

manipulate the AFM order [29, 57, 62, 63]. Thus the STT will be present in a junction

composed of two AFM layers separated by a thin metallic or insulating layer (see Figs.

5.7(e),(f)). Such heterostructure is analogous to the FM spin valve or MTJ. With large

enough current, the STT could be used to switch the junction between a parallel and an

antiparallel configuration. Analogously to the case of SHE and inverse SHE, there must

also exist an inverse effect to the spin-polarized current: a charge current generated by

injection of a spin-polarized current. This current will flow in the opposite direction when

the spin-polarization of the spin-polarized current is reversed. The parallel and antiparallel

configurations will thus have a different conductivity or equivalently different resistance,

similarly to the GMR or TMR effect. The AFM junction is thus in principle analogous

in functionality to the FM spin valve or MTJ, however, predicting the magnitude of the

magnetoresistance and the torque is beyond the scope of this work.

It has been predicted by many authors that magnetoresistance and a STT will occur even

in spin valves or tunneling junctions composed of collinear AFMs in which current is not

spin-polarized [70,71,127,130,132,150,162,175,176,194,240]. These effects, however, rely

on quantum coherence and perfect interfaces and were shown to be strongly suppressed by

disorder [42,130,176]. The effects we have described here, on the other hand, do not rely on

perfect interfaces and are expected to be similarly robust as the analogous effects in FMs

since they rely only on the existence of the spin-polarized current. We also remark that

the longitudinal spin currents can occur in nonmagnetic materials as well if the crystalline

symmetry is low enough [228]. Such spin currents differ from the spin-polarized currents

discussed here since they are even under time reversal and require SOC.

The transverse spin currents are similar to the spin currents due to the SHE, but differ in

some key aspects. Because their origin is different they will depend differently on disorder

and material properties such as SOC. Perhaps more importantly, the symmetry of the

odd spin currents is distinct from the SHE. As a consequence, the odd spin currents can
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5.2 Spin-polarized current in non-collinear antiferromagnets

have different spin-polarization than SHE, which could be important for the SOT [128].

Furthermore, since these spin currents are odd under time-reversal, they will tend to

cancel out in samples with many magnetic domains. Recently several experiments have

demonstrated a SOT in Mn3Ir/FM heterostructures [152,211,233,264]. While the origin of

such a torque is not clear [152] it is known that in heavy metal/FM heterostructures, the

SHE plays an important role [47,55]. Since our calculations show that the odd transverse

spin currents are in Mn3Ir larger than the intrinsic SHE (the intrinsic SHE in Mn3Ir is

215 ℏ/e(Ω · cm)−1 [267]), we expect them to also contribute to the SOT. Taking the odd

spin currents into account could help towards a better understanding of the unexplained

features of the SOT [152].

In conclusion, we have shown that novel spin currents occur in non-collinear AFMs

and that as a consequence electrical current in these materials is spin-polarized. The

spin-polarized current is analogous to the spin-polarized current in FMs and could be

therefore utilized in the same way. This could have important implications for the field

of AFM spintronics since several key spintronics phenomena are based on the existence of

spin-polarized current. We show that—just like the AHE—the novel spin currents are a

consequence of a symmetry breaking caused by the non-collinear magnetic structure. The

conclusions we have made are quite general: the odd spin currents will be present in most

magnetic materials except simple collinear AFMs.
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6 Nonlinear electrical response: Berry

curvature dipole

In this chapter, we study the Berry dipole induced nonlinear electrical response in both

3D WSM and 2D TI. WSM materials such as the TaAs-family pnictides [78, 222] and

MoTe2 [192, 198] have recently been discovered primarily by observation of the unique

Fermi arcs of surface states through angle-resolved photoemission spectroscopy [39,77,85,

125, 239, 246]. Because Weyl points are monopole sources or drains of the Berry cur-

vature of Bloch wave functions in momentum space, a WSM can exhibit an anoma-

lous Hall effect when breaking the time-reversal symmetry (TRS) [16, 237, 245] or a

spin Hall effect [199], as a linear response to an external electric field. Recent theo-

retical [?,22,23,38,76,82,139,140,171,191,202] and experimental [31,126,196,230] studies

have revealed giant nonlinear optical responses in inversion-symmetry-breaking WSMs,

such as the photocurrent from the circular photogalvanic effect (CPGE), second har-

monic generation (SHG), and nonlinear Hall effect. These nonlinear effects can be much

stronger in WSMs than traditional electro-optic materials owing to the large Berry curva-

ture [40,138,191].

Both types of WSMs exhibit a large BCD near the Weyl point that is orders of magnitude

larger than that of conventional materials. As a Fermi surface property, the BCD favors

tilted Weyl cones. Thus, the type-II WSM is usually superior to the type-I WSM. Further,

we found that some small gap regions with highly concentrated Berry curvature can also

contribute to a large dipole in the absence of Weyl points, similar to the enhancement of

bulk photovoltaic effect in topological insulators [205]. We made an order-of-magnitude

estimate of the nonlinear Hall effect for these materials, which is experimentally accessible.

It should be pointed out however that Weyl points require a genuinely 3D band dis-

persion - Weyl points cannot exist in 2D systems. Then it is also important to find the

suitable 2D system that would serve as the platform for nonlinear anomalous Hall effect.

In the following work, we show for the first time how a BCD in the band structure of a 2D

material can be generated. We found that in 2D the critical point of the transition from
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6.1 Semiclassical Berry dipole and nonlinear anomalous Hall current

a TI to a normal insulator can induce a large BCD, which is in the spirit similar to the

Weyl point in 3D. In the revised manuscript, we now make an explicit connection between

the 3D Weyl physics and the 2D critical point, which is related to the observation that a

Weyl node can in fact, be regarded as a 3D critical point.

To realize an experimental observation of the NLAHE, establishing the right material

system to do so is the most critical issue. WTe2 and MoTe2 belong to a class of readily

synthesizable layered materials. Originally highlighted for the presence of a semiconduct-

ing bandgap in exfoliated monolayers, they have recently been identified as promising

topological materials and indeed as we show in our present work they do have a large

BCD. Being already studied in transport experiments, 2D WTe2 and MoTe2 are thus

ideal candidates for the experimental investigation of the nonlinear AHE. We believe this

is an important message to the experimental community concerned with 2D materials.

6.1 Semiclassical Berry dipole and nonlinear anomalous

Hall current

Very recently, the semiclassical approach has been used to describe the intraband contri-

butions to CPGE and SHG as a Berry phase effect [40,138] by a geometric quantity: the

Berry curvature dipole (BCD) [191]. At the dc limit, the photocurrent remains finite as a

transverse Hall-like current, i.e., a nonlinear Hall effect [191]. These nonlinear effects orig-

inate from the intraband resonant transitions at a low frequency in a noncentrosymmetric

metal. Although they have played an important role in predicting topological materials

and estimating their linear-response properties, there is still a lack of ab initio studies on

the nonlinear optical effects of WSMs to quantitatively reveal the role of the Weyl points

in realistic materials [230]. The nonlinear response is usually computed with mixed in-

terband and intraband transitions for conventional semiconductors via Berry connection

related formalism [187,253], but an ab initio scheme with the Berry curvature dipole would

be required to understand contribution from Weyl Fermions.

We first overview previous theoretical work on the nonlinear optical response described

by the Berry curvature [40, 138, 140, 191]. For the CPGE, the oscillating electric field

Ec(t) = Re{Eceiωt} of circularly polarized light induces a dc photocurrent j (0) as a

second-order nonlinear optical effect: j(0)a = χabcEbE∗
c . Similarly, the SHG is described

by the second-harmonic current response j (2ω)e2iωt to a linearly polarized light, where

j(2ω)a = χabcEbEc. At the dc limit of a linearly polarized field, the nonlinear Hall effect is
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characterized by a transverse current: ja = 2j(0)a |ω→0 = 2χabb|Eb|2. For a material with

TRS, the nonlinear response tensor σ has been theoretically obtained as a Berry phase

effect [40,138] and very recently further described by the BCD [191] as follows:

χabc = −εadc
e3τ

2ℏ2(1 + iωτ)
Dbd (6.1)

Dbd =

∫
k

f0
∂Ωd

∂kb
, (6.2)

where Dbd is the BCD, Ωd is the Berry curvature, f0 is the equilibrium Fermi–Dirac

distribution, τ refers to the relaxation time approximation in the Boltzmann equation, εadc

stands for the third rank Levi–Civita symbol, and ℏ is the reduced Planck constant. Dbd

is a Fermi surface effect that is intrinsic to the band structure and becomes dimensionless

in three dimensions. We define the BCD density in the k-space as dbd ≡ f0
∂Ωd

∂kb
. Because

dbd is odd to the space inversion, Dbd vanishes when inversion symmetry appears. While

they were obtained with the semiclassical theory, Eqs. 6.1 and 6.2 can also be derived by

a fully quantum theoretical treatment with the Floquet formalism [140].

6.1.1 Simple effective model of Weyl points and corresponding Berry

curvature dipole

Before visiting specific WSM materials, we investigated the BCD for a simple Weyl Hamil-

tonian to reach a qualitative but inspiring understanding:

HWeyl(q) = ℏvtqtσ0 + ℏvFq · σ, (6.3)

where q is the momentum with respect to the Weyl point, σ is the Pauli matrix vector,

vF is the Fermi velocity of an isotropic Weyl cone without tilt, vt represents the tilting

velocity, and qt is the tilting momentum along the t̂ direction. The tilt of the Weyl cone

is characterized by the ratio |vt/vF |, where |vt/vF | < 1 stands for a type-I Weyl cone and

|vt/vF | > 1 stands for a type-II one. Because the Berry curvature is Ω(q) = q
2q3

for the

lower cone, we can analytically obtain dxy, for example, without loss of generality:

dxy =
∂Ωy

∂qx
=

3qxqy
2q5

. (6.4)

We note that Ω and dxy are independent of the tilt and reverse sign for the upper cone.

However, the shape of the Fermi surface is sensitive to the tilt.
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(a) Type-I (b) Type-I (titled) (c) Type-II 

(d) (e) (f) 2
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(× 108)
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Figure 6.1: The Weyl cones and the dipole moment distribution of the Berry curva-
ture. (a) A standard type-I Weyl cone without tilting. The Fermi energy
is indicated by the horizontal plane and the Fermi surface is a circle. The
corresponding dipole moment of the Berry curvature is shown in (d) near
the Weyl point. (b) A type-I Weyl cone with a slight tilting and corre-
sponding dipole moment in (e). (c) A type-II Weyl cone with a strong
tilting and corresponding dipole moment in (f). Near the Weyl point,
the dipole moment exhibits a symmetric kxky-type distribution when the
Fermi energy crosses a type-I Weyl point and thus, it is summed to be zero
as integrating over the k-space. In (d) and (e), the circle with a shadow
region indicates the unoccupied bands that do not contribute to the in-
tegral of the dipole moment. The blue and red colors show negative and
positive values of the dipole moment. In (f), the shadowed regions stand
for the unoccupied hole pocket and the occupied electron band, both of
which are deducted from the integral of the dipole moment.

87



6 Nonlinear electrical response: Berry curvature dipole

The dxy exhibits xy-type symmetry near the Weyl point (Eq. 6.4), which resembles a

“dxy-type” atomic wave function in real space. For a type-I WSM, Dxy diminishes when

EF crosses the Weyl point because the integral of dxy leads to zero owing to the xy-type

symmetry. This is fully consistent with the fact that Dxy vanishes as the Fermi surface

shrinks to a point at the Weyl point. When EF lies either below or above the Weyl point,

the Fermi surface region is effectively subtracted from the sum over the lower cone. If the

type-I Weyl cone has no tilt (see Fig. 6.1a), the Fermi surface is centered to the Weyl point.

Thus, dxy outside the Fermi surface region is still highly symmetric and summed up to be

zero. If the type-I Weyl cone has a tilt along some arbitrary direction (see Fig. 6.1b), the

Fermi surface center is shifted away from the Weyl point. Consequently, dxy outside the

Fermi surface region becomes asymmetric, which leads to a nonzero net Dxy. For a type-II

Weyl cone (see Fig. 6.1c), the Fermi surface naturally breaks the xy-type symmetries of

dxy and thus presents a nonzero Dxy. We can simply summarize these optimal conditions

for a large Dxy near a single Weyl point: (i) For a type-I Weyl point, a tilt is necessary,

which is common for WSM materials. Because dxy is highly concentrated near the Weyl

point, EF should stay close enough to the Weyl point. (ii) The type-II Weyl point may

exhibit large Dxy, even when EF crosses it. Although the large tilt of Weyl points was

also predicted to generate photocurrents by Chan et al. [22], they referred to the resonant

transition between occupied and empty bands of the Weyl cone, which is different from

the current finding in the low-frequency intraband transition.

Further, we point out that a pair of Weyl points that are the Mx, My or TRS partners

contribute the same Dxy because dxy = dΩy/dqx is even to Mx, My or TRS. Therefore,

multiple Weyl points related to TRS and mirror symmetries multiply their contributions

to the BCD instead of compensating for each other.

6.2 Ab initio calculation of Berry dipole in TaAs and NbP

We performed ab initio density-functional theory (DFT) calculations for the bulk materials

and projected Bloch wave functions to atomic-like local Wannier functions with the full-

potential local-orbital (fplo) program [102] within the generalized gradient approximation

(GGA) [160]. For a material, we obtained the tight-binding Hamiltonian Ĥ. Note that Ĥ

inherits exactly all symmetries of the system, which is crucial for accurate evaluation of

the BCD from the Berry curvature Ω in a differential manner. (For the integrals of Dxy,

the first Brillouzone was sampled by k-grids from 200× 200× 200 to 1000× 1000× 1000.

Satisfactory convergence was achieved for a k-grid of 800× 800× 800 for all compounds.
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6.2 Ab initio calculation of Berry dipole in TaAs and NbP

Increasing the grid size to 1000× 1000× 1000 only varies the Dxy value by no more than

5%.)

The Berry curvature [234] of the nth band can be calculated according to Ĥ:

Ωn
a(k) = εabc2i

∑
m̸=n

< n|∂kbĤ|m >< m|∂kcĤ|n >
(ϵn − ϵm)2

, (6.5)

where ϵn and |n > are eigenvalues and eigen wave functions, respectively, of Ĥ at the

momentum k. Ωn
a runs over occupied bands in Eq. 6.2, where Ωd =

∑
nΩ

n
d .
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Figure 6.2: Calculated Berry curvature dipole Dxy for TaAs. (a) The Fermi energy
(EF ) dependence of Dxy. EF = 0 corresponds to the charge neutral point.
(b) The band dispersions crossing a pair of Weyl points. Three types of
Weyl points, W1, W2 and W3, are shown. (c) The projection of three
types of Weyl points to the kxky plane by integrating dxy over kz. The
distribution of dxy at (d) EF = 0 and (e) EF = 75 meV crossing W3.
Red and blue represent positive and negative values of dxy, respectively,
in the arbitrary unit. As insets, dxy distributions near some Weyl points
are shown in the kxky plane without integrating the kz direction. The full
Brillouin zone projected to the kxky plane is shown here.

6.2.1 Result of realistic materials

We investigated two representative families of materials with inversion symmetry breaking:

(Ta, Nb)(As, P) as type-I WSMs and (Mo, W)Te2 as type-II WSMs. For a given material,
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6 Nonlinear electrical response: Berry curvature dipole

the BCD tensor Dab shape can be analyzed by considering the corresponding point group

symmetry [191]. For instance, TaAs-type compounds belong to the C4v point group, where

Mx andMy reflection symmetries exist. Because Ωx and kx are even and odd, respectively,

to Mx, dxx is odd to Mx, so Dxx = 0. Similarly, Dyy = Dzz = 0. Because Ωz and kx are

odd and even, respectively, to My, dxz is odd to My, so Dxz = 0. Likewise, we obtain only

two nonzero tensor elements Dxy and Dyx, which follow Dxy = −Dyx. For (Mo, W)Te2 in

the C2v point group, we obtain two nonzero independent tenor elements: Dxy and Dyx.

Because it is a Fermi surface property, the BCD relies on the Fermi energy in the band

structure. As shown in Figs. 6.2a and b, Dxy of TaAs exhibit a sensitive dependence on the

Fermi energy. Two groups of type-I Weyl points are known to exist owing to the crossings

between the top valence and bottom conduction bands: four pairs of Weyl points, noted as

W1 in the kz = 0 plane; and eight pairs of Weyl points, noted as W2 in the kz ≈ π/c plane

(c is the lattice parameter along the z axis). W1 and W2 lie 23 and 14 meV, respectively,

below the charge neutral point (EF = 0) (see Fig. 6.2b). This is consistent with previous

calculations and experimental measurements [3]. Dxy shows a peak in magnitude when EF

is close to W1, while it reverses the sign without a clear peak when EF approaches W2.

Although Dxy is zero as EF exactly meets the Weyl point, the induced small Dxy region

can be very narrow compared to the energy sampling interval (0.1 meV in Fig. 6.2a).

Thus, Dxy does not necessarily show an apparent dip of amplitude at W1 or W2. Because

EF = 0 is slightly away from the Weyl points, Dxy here is smaller in magnitude than those

near W1 or W2. Fig. 6.2d plots dxy projected to the kxky plane. It is clear that dxy is

mainly distributed in the W1 and W2 regions near the Mx plane but not the My mirror

plane. The small gap regions near Weyl points also contribute large magnitudes for |dxy|.
Note that dxy does not necessarily follow the C4 rotational symmetry. When the vicinity

of W1 or W2 is magnified, a roughly xy-like distribution and ellipse-like hollow region

can be observed. Such a hollow region corresponds to the Fermi surface that surrounds a

Weyl point. This is similar to the effective deduction of the Fermi surface of a tilted Weyl

cone, as demonstrated in Fig. 6.1b. Another striking feature is the large peak of Dxy at

EF = 75 meV. At this energy, we actually observed eight pairs of new Weyl points (noted

as W3) by the crossings between the lowest and second-lowest conduction bands (see Fig.

6.2b). The W3 Weyl points are located between W1 and W2 in the momentum space and

belong to type-II, as revealed by their energy dispersions. The corresponding dxy indeed

presents hot spots near W3, similar to that shown in Fig. 6.1c. This further confirms

that type-II Weyl points contribute a larger BCD than type-I Weyl points under similar

material conditions.
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Figure 6.3: Berry curvature dipole for (a) MoTe2 and (b) WTe2 projected to the kxky
plane for EF = 0. The first Brillouin zone is shown in the kxky plane.
A Weyl point region is magnified to demonstrate the type-II Weyl point
feature. We point out that the scale of the color bar in (a) is one order of
magnitude larger than that in (b).

We now turn to the type-II WSMs: MoTe2 and WTe2. In band structures, we obtained

two pairs of type-II Weyl points for MoTe2 and no Weyl point for WTe2 between their

conduction and valence bands, which is slightly different from the literature [192, 198].

This discrepancy is caused by the subtle difference between different DFT methods, as

revealed in recent calculations [13,217]. Here, WTe2 serves an example of a non-WSM for

the purpose of comparison to a WSM. For MoTe2, we labeled the Weyl points as W1. For

W1 points located nearly at EF = 0, Dxy indeed shows a peak here. Near W1, the profile

of dxy looks like two crossing lines, which is a typical feature of the type-II Weyl point (see

Fig. 6.3a). In contrast, WTe2 exhibits a much smaller Dxy than MoTe2. Although some

hot spots of dxy appear in Fig. 6.3b, they are less focused and one order of magnitude

smaller than those of MoTe2.

Table 6.1: The Berry curvature dipole calculated for Weyl semimetal materials. The
Fermi energy is set to the charge neutral point. Only the nonzero tensor
elements are listed for a given material, which are dimensionless.

Material Dxy Material Dxy Dyx

TaAs 0.39 MoTe2 0.849 -0.703
TaP 0.029 WTe2 0.048 -0.066
NbAs -9.88
NbP 20.06
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6.2.2 Discussion

Based on the results for TaAs, MoTe2 and WTe2, we verified these features of BCD as

observed in simple models. Weyl points induce a large BCD, and type-II Weyl points

usually contribute much more than type-I Weyl points. A WSM possibly exhibits a much

stronger nonlinear response than an ordinary metal.

Furthermore, we reveal some new features of a BCD when all six compounds in Table

I are compared. It is known that TaAs, TaP, NbAs, and NbP exhibit a decreasing order

of spin-orbit coupling (SOC), which leads to a similarly decreasing order of the spin Hall

effect [199]. However, Dxy does not follow the same order of SOC. NbAs and NbP show a

much larger Dxy than other materials, including MoTe2.
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Figure 6.4: Berry curvature dipole for NbP for EF = 0. (a) The energy dependent
Dxy. W1 and W2 Weyl points lie below and above the charge neutral
point, respectively, as indicated. (b) The dxy and (c) Ωy distributions at
EF = 0. Both are shown in arbitrary units.

Take NbP as an example. Its W1 Weyl points (36 meV below EF = 0) present rather

small Dxy because they are type-I with a weak tilt. In contrast, its W2 points (26 meV

above EF = 0) contribute a peak of Dxy, as shown in Fig. 6.4a, because they are type-

II as revealed recently [232]. Although W1 and W2 still fit the above understanding

about Weyl points, there are two large peaks of Dxy near EF = 0 where only trivial Femi
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pockets exist [101], which implies unusual Dxy contributions beyond Weyl points. We

found that dxy is dominantly distributed along the Mx mirror plane (Fig. 6.4b). This can

be rationalized by the distribution of the Berry curvature Ωy. Ωy is odd to Mx and even

to My. Therefore, the Ωy gradient along kx, i.e., dxy = ∂Ωy/∂kx, is large when crossing

the Mx plane. Further, Ωy is more concentrated in a small region very close to the Mx

plane in NbP than in TaAs, which further enhances dxy in NbP. Such a difference between

NbP and TaAs originates from their band structures of SOC. At the limit of zero SOC, the

valence and conduction bands each cross inside a mirror plane, which gives rise to a mirror

symmetry protected nodal ring for the two systems. As the SOC increases, the nodal ring is

gapped out. Consequently, the Berry curvature that caused by the entanglement between

the valence and conduction bands has a more extended distribution in momentum space,

as indicated by Eq. 6.5. Therefore, TaAs, with a stronger SOC, exhibits a much smaller

BCD than NbP.

The sensitive Fermi surface dependence of the BCD serves as a way to effectively tune the

nonlinear response in WSM materials. For example, both the carrier doping and external

pressure are known to engineer the Fermi surface of these compounds (e.g., Refs. [7, 41,

44, 198, 217]). To enhance the BCD, it is favored that the material exhibits Weyl points

and/or small energy gaps at the Fermi energy. The material with nodal lines in the absence

of SOC may lead to Weyl points and small gap regions near these nodal lines when weak

SOC is turned on without the inversion symmetry, presenting a large volume of BCD

distribution near nodal lines (e.g. NbP). Such nodal lines usually required the protection

of mirror planes in the material structure.

Finally, we developed a semi-quantitative estimation of the nonlinear response for these

materials. According to Eq. 6.5, Dxy corresponds to χzxx and χxxz, and Dyx corresponds

to χzyy and χyyz. We considered the nonlinear Hall effect, where the transverse Hall-like

current jz = 2χzxxE2
x . The longitudinal current is jx = σxxEx, and σxx is the ordinary

conductivity. To characterize the strength of the nonlinear Hall effect, we can define the

Hall angle as γ = jz/jx = 2(χzxx/σxx)Ex. It is known that γ ∼ 10−3 for materials with

the usual anomalous Hall effect (see Ref. [142] for a review). We assumed the relaxation

time τ ∼ 10 ps and σxx ∼ 106 Ω−1m−1 based on recent low-temperature experiments

(e.g., Refs. [4,79,165,183,262]) and an electric field Ex ∼ 102 V/m that is applicable for a

physical property measurement system in a laboratory. Then, we obtained χzxx ∼ 10−1Dxy

and γ ∼ 10−5 − 10−4 for Dxy in the range of TaAs, MoTe2, NbAs and NbP. Because γ of

the nonlinear Hall effect approaches 10% of that of anomalous Hall systems, the nonlinear

Hall effect can be measurable for these WSM compounds.
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6 Nonlinear electrical response: Berry curvature dipole

6.3 Berry dipole in two dimensional two-dimensional

transition-metal dichalcogenides WTe2 and MoTe2

In this section, We discuss the nonlinear electric response in WTe2 and MoTe2 monolayers.

We reveal a strong NLAHE with a Hall-voltage that is quadratic with respect to the

longitudinal current. The optimal current direction is normal to the mirror plane in these

two-dimensional (2D) materials. The NLAHE can be sensitively tuned by an out-of-plane

electric field, which induces a transition from a topological insulator to a normal insulator.

Crossing the critical transition point, the magnitude of the NLAHE increases, and its sign

is reversed. Our work paves the way to discover exotic nonlinear phenomena in inversion-

symmetry-breaking 2D materials.

6.3.1 Introduction

The transition-metal dichalcogenides WTe2 and MoTe2 are WSMs in the 3D bulk [192,

198] and become two-dimensional (2D) TIs in the monolayer (ML) form [159, 166, 207,

231]. Nonlinear optical phenomena, for example, a nonlinear photocurrent, were recently

reported in their bulk systems [84, 114]. In this work, we investigate the NLAHE in MLs

of WTe2 and MoTe2, because the use of MLs makes it easier to tune the band structure

by an external electric field, for instance, by applying a back gate [231]. The out-of-plane

electric field is found to sensitively tune the band structure and consequently control the

BCD, which is an intrinsic property determined by the band structure and wave functions.

Near the electric-field-induced topological transition from a TI to a normal insulator, the

BCD and NLAHE are found to be strongly enhanced.

6.3.2 Response tensor in different structure

The WSM state of WTe2 or MoTe2 refers to the Td phase of the crystal structure (space

group Pmn21, No. 31), in which inversion symmetry is broken. However, the correspond-

ing ML recovers the inversion symmetry by a slight distortion, commonly called the 1T ′

phase (space group P21/m, No. 11). This inversion symmetry can be broken by applying

an out-of-plane electric field (E) or even by the existence of a substrate. We focus on

the 1T ′-MLs of the two compounds under different electric fields for two compounds. In

addition, we also investigate the Td-MLs for comparison, considering the fact that the

phase transition may occur under special conditions (e.g. Refs [165, 244]). Both Td- and
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WTe2 and MoTe2

Figure 6.5: Crystal structure and the nonlinear anomalous Hall effect in the WTe2
monolayer. W and Te atoms are represented by gray and yellow spheres.
When applying an electric field along the y axis, i.e. the W chain direc-
tion that crosses the mirror plane, a Hall-like voltage Vx appears and is
quadratic to the electric field Ey. Such a nonlinear anomalous Hall effect
exists without breaking the time-reversal symmetry.
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1T ′-MLs share a mirror plane My : y → −y. A zigzag-shape Mo or W atomic chain forms

and crosses the mirror plane. The My symmetry is crucial to determining the symmetry

of the NLAHE as we will discuss. The BCD is dimensionless in three dimensions, whereas

it is in the unit of length in 2D.

Because Ωn
z is odd with respect to the My reflection, ∂Ωn

z

∂kx
is odd to My while only

∂Ωn
z

∂ky
is even. Therefore, only Dyz and χxyy are nonzero. Thus, the nonlinear Hall voltage

Vx appears inside the mirror plane when an electric field Ey passes along the W or Mo

chains, and Vx ∝ χxyyE
2
y , as illustrated in Fig. 6.5. If the voltage contacts and electric

field directions are switched, there will be no NLAHE signal. This strong anisotropy can

serve as a useful tool to distinguish the NLAHE from other effects in WTe2 and MoTe2

MLs.

1T ′ Monolayers of WTe2

We start with the 1T ′-ML of WTe2. It is known to be a 2D TI. An applied electric field

breaks the inversion symmetry and induces a transition from a TI to a trivial insulator.

During the transition, the band gap first shrinks to zero and then opens again. A previous

study on the TaAs-family of WSMs [266] revealed that the small gap or zero gap region

contributes a large gradient of the Berry curvature, i.e, a large BCD. This can be intu-

itively understood from Eq. 6.5. The smallness of the energy gap (i.e, the denominator of

Eq. 6.5) usually indicates that a large Berry curvature is concentrated on the small gap

region, which is usually a narrow momentum area, leading to a large gradient of the Berry

curvature. In addition to a large magnitude of the BCD, a sign change of the BCD may

be induced by the phase transition, because the band inversion switches the sign of the

Berry curvature. Therefore, we are particularly interested in the evolution of the BCD

with respect to the topological phase transition.

Fig. 6.6 shows the band structures of the 1T ′-ML under various electric fields. At E = 0,

all the bands are doubly degenerate becomes of the coexistence of TRS and the inversion

symmetry. The band structure exhibits direct band gaps with an inversion between the

conduction and valence bands, giving rise to the 2D TI phase. The zero indirect bandgap

is due to the known DFT underestimation, whereas the quasiparticle energy correction

can lift the indirect gap, as discussed in previous work [166]. Because this indirect gap

underestimation does not sensitively affect the Berry curvature effect investigated here,

for simplicity, we use the DFT band structures in this work. As E increases, we indeed

observe that the direct energy gap shrinks to zero at E = 0.0075 V/a0 (a0 is the Bohr
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radius, 0.53 Å) and opens again, inducing the topological transition. We note that the

band touching point at the critical electric field is not equivalent to a Weyl point, since it

is not stable against a weak perturbation (e.g. the variation of E) and the Weyl point is

well-defined only for 1D and 3D systems. The Z2 topological invariant before and after the

transition is verified by tracing the Wannier centres by the Wilson loop method [193,254].

Figure 6.6: Band structures of WTe2 1T ′-monolayers with applied electric field. The
electric field E is out-of-plane and in unit of eV/a0, where a0 is the Bohr
radius. The band dispersion is shown along the Γ–Y direction, i.e. along
the zigzag W chain.

We show the corresponding BCD in Fig. 6.7. At E = 0, the BCD vanishes regardless of

position of the Fermi energy (EF ), because the coexistence of TRS and inversion symmetry

forces Ω(k) = 0 at every momentum k. At E = 0.005 V/a0 (the TI phase), a large BCD

appears (Fig. 6.7a). Because it is a Fermi surface property, the BCD depends sensitively

on the position of EF . We focus on the BCD for EF = 0, i.e. the charge neutral point.

As E increases from zero, the BCD varies nonmonotonically and is characterized by four

regimes. It (i) first increases in a positive amplitude (e.g. E = 0.005) V/a0, (ii) then

reduces to zero (near E = 0.0075 V/a0), (iii) further grows with a negative amplitude

(e.g. E = 0.01 V/a0), and (iv) finally decreases to zero at large E(E > 0.03 V/a0). The

regime-(i) is caused by the emergence of nonzero BCD by breaking the inversion symmetry

with E. Because the phase transition switches the order of the conduction and valence

bands, the sign of the Berry curvature is reversed by the transition, and thus the sign of

the BCD is also reversed for regimes-(ii) and (iii). This behavior is quite similar to the

sign change of the photocurrent calculated at the topological phase transition of TIs [205].

At large E, the system becomes a gapped insulator; thus, the Fermi surface vanishes at

EF = 0 and the BCS then becomes zero. This behavior explains the regime-(iv). For
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E = 0.005 V/a0 and 0.01 V/a0, one can find a peak of BCD slightly below EF = 0 in

Fig. 6.7. This is because of the smallest energy-gap ( the largest Berry curvature) appears

slightly below EF = 0.

When the BCD is projected to 2D k-space, it is easier to understand the BCD from the

corresponding band structure. For example, at E = 0.005 V/a0 the BCD is predominantly

contributed by the small-gap region, for example, the nearly band touching positions along

the Γ-Y line. After the band inversion at E = 0.01 V/a0, the BCD indeed changes sign. As

E increases further to E = 0.02 V/a0 and E = 0.03 V/a0, the BCD decreases exponentially

in amplitude, corresponding to regime-(iv) discussed above.

Figure 6.7: The Berry curvature dipole at different Fermi energy and its distribution
in the 2D Brillouin zone for WTe2 1T ′-monolayers with varying applied
electric field. The Berry curvature dipole is in the unit of a0, where a0
is the Bohr radius 0.529 Å. In the 2D Brillouin zone, red and blue colors
present positive and negative amplitudes (in arbitrary units) of the Berry
curvature dipole.

Td Monolayers of WTe2

The Td-ML breaks inversion symmetry. We can divide the effect of inversion symmetry

breaking into two parts, the in-plane distortion ∆∥ and the out-of-plane distortion ∆⊥. The

induced band splitting can be observed at the bottom of the conduction band (Fig. 6.8a).

It is also a 2D TI in topology. When an electric field is applied along the ∆⊥, the symmetry

breaking can be further enhanced to be ∆∥ + E. For example, both the conduction and

valence bands split further as E increases from 0 to 0.05. As in the 1T ′ structure, E drives

the system to the topological phase transition in the band structure. However, the critical

field for the Td phase (∼ 0.10) is much larger than that for the 1T ′ phase. Therefore, the

BCD increases monotonically from E = 0 to E = 0.05 V/a0, as shown in Fig. 6.8b. When
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E is opposite to ∆⊥, the effective out-of-plane inversion-symmetry-breaking is ∆⊥−E. As
E increases in amplitude, the symmetry-breaking effect first decreases and then increase

again. For example, the band splitting is partially suppressed for E = −0.01 V/a0 and is

further enhanced for E = −0.05 V/a0. The BCD shows the same trend (see Fig. 6.8b).

Figure 6.8: Band structures and the Berry curvature dipole (in unit of a0) at different
electric field (E in unit of V/a0) for WTe2 Td-monolayers.

Monolayers of MoTe2

The MoTe2 MLs (1T ′ and Td) exhibit trends quite similar to those of WTe2 MLs. For

the 1T ′ structure, the topological phase transition occurs between E = 0.01 V/a0 and

E = 0.015 V/a0. Therefore, the BCD exhibits large magnitudes with opposite signs under

these two electric fields. When E increases further, the BCD decreases in amplitude, as

shown in Fig. 6.9.

6.3.3 Discussion on magnitude

We estimate the magnitude of the NALHE. In a longitudinal dc field Ey, the nonlinear Hall

jx = 2j(0)x |ω→0 = 2χxyy|Ey|2 = σxyEy, where we define a Hall conductance σxy ≡ 2χxyyEy =
e3τ
ℏ2 Dyz = G0(τDyzeEyπ/ℏ) and G0 ≡ 2e2

h
the conductance quantum. Considering Ey ∼ 103

V/m, τ ∼ 1 ps and Dyz ∼ 20a0 for 1T ′ WTe2, we obtain σxy ∼ 1%G0. The magnitude of

the NLAHE in MoTe2-MLs is comparable to that of WTe2, as indicated in Fig. 6.9. This

Hall conductance can be measured under current experimental conditions.
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Figure 6.9: The Berry curvature dipole at different Fermi energy for MoTe2 1T ′-
monolayers with varying applied electric field.
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6.3.4 Conclusions

In conclusion, we reveal a strong NLAHE in WTe2 and MoTe2 MLs. An out-of-plane

external electric field can break the inversion symmetry (for the 1T ′ structure) and gener-

ate a nonzero BCD, leading to the NLAHE. Near the topological phase transition region

induced by the electric field, the NLAHE is strongly enhanced. In addition to a dc electric

field, a longitudinal (in-plane) electric field can also be the electric field of a low-frequency

stimulation (e.g. a microwave), which may induce an even stronger NLAHE owing to the

strong electric field. In addition to an out-of-plane electric field, the inversion symmetry of

MLs can also be broken by other ways, such as the strain (e.g. recently realized in the MoS2

ML [110]) and the substrate proximity. Note that our conclusions can be generalized from

MLs to few layers and also to other phases (e.g. 2H and 1T ) of transition-metal dichalco-

genides, when the inversion symmetry as well as the three-fold rotational symmetry is

broken in these systems.
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In the previous chapter, we study the nonlinear electrical effect which works at low-

frequency and dc region. Now we would investigate the photogalvanic effect in the optical

region both for the interband and intraband in the Weyl semimetal material TaAs. We

find colossal photocurrents caused by the Weyl points in the band structure in a wide

range of laser frequency. Our calculations reveal that the photocurrent is predominantly

contributed by the three-band transition from the occupied Weyl band to the empty Weyl

band via an intermediate band away from the Weyl cone, for excitations both by linearly

and circularly polarized lights. Therefore, it is essential to sum over all three-band transi-

tions by considering a full set of Bloch bands (both Weyl bands and trivial bands) in the

first-principles band structure while it does not suffice to only consider the two-band direct

transition within a Weyl cone. The calculated photoconductivity is well consistent with

recent experimental measurements. Our work provides the first first-principles calculation

on nonlinear optical phenomena of Weyl semimetals and serves as a deep understanding

of the photogalvanic effects in complexed materials.

7.1 Introduction

Recent experiments [84, 114, 126, 155, 197, 230] have reported giant photocurrents effects

and the second-harmonic generation (SHG) in the TaAs-family WSMs exhibiting in or-

ders of magnitude larger responses than conventional nonlinear materials. However, the

first-principles investigation on the photogalvanic effects of WSMs, which accounts for the

realistic material band structures, is still missing. Moreover, some experiments are seem-

ingly controversial to each other. Reference [126] reported a photocurrent caused by the

circularly polarized light but claimed that a negligible photocurrent was caused by the lin-

early polarized light through the shift current mechanism. In contrast, Ref. [155] reported

a colossal shift current with linearly polarized light in the same compound. Therefore,

accurate estimations of photocurrents are necessary and timely to identify quantitative

contributions from CPGE and shift current for a specific material. In addition, nonlinear
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optical phenomena are highly sensitive to the bulk Fermi surface topology but are insensi-

tive to surface states. Hence, they can serve a direct pathway to probe the topology inside

the bulk.

In this work, we perform first-principles studies on the CPGE and shift current effect in

WSMs. With the second-order Kubo formalism, we calculate the photocurrent conductiv-

ity in the inversion-asymmetric WSM TaAs via a multiband approach. Our results agree

quantitatively with recent experiments. The shift current displays a close relation with

the existence of WPs. Especially in the long-wavelength region, the shift current is pre-

dominantly contributed by virtual transitions from the occupied Weyl to the empty Weyl

band through a third trivial band, referred to as the three-band transition, as illustrated in

Fig. 7.1b. For CPGE, the three-band virtual transitions make the dominant contributions

and distribute relatively uniform in the momentum space. In contrast, the two-band real

transitions contribute much less photocurrent, which is mainly caused by the Weyl cone

regions. Given the significance of the three-band transitions, it is necessary to sum over

all intermediate states by considering a full set of Bloch states. Then the first-principles

method is naturally the best way to compute the nonlinear response. For the same photon

energy used in the experiment, we find that the CPGE photocurrent is nearly two orders

of magnitude greater than the shift current and clarify the possible reason why the shift

current was not detected in a previous experiment that reported the CPGE [126].

m

l

n

(a) (b)

Real	transition

Virtual	transition

Figure 7.1: Optical process for bands with a pair of Weyl nodes of (a) absorption, (b)
dc photocurrent.
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7.2 Resonance theory

The calculation of CPGE and shift current is based on a quadratic response theory pro-

posed by von Baltz and Kraut [103, 107, 213], which accounts for the steady-state short-

circuit photocurrent under the linearly polarized light. To calculate the photocurrent also

for the circularly polarized light, we have generalized this quadratic response theory to a

more general relation for the photoconductivity:

σc
ab =

|e|3

8π3ω2
Re

{
ϕab

∑
Ω=±ω

∑
l,m,n

∫
BZ

d3k(fl − fn)

< nk⃗|v̂a|lk⃗ >< lk⃗|v̂b|mk⃗ >< mk⃗|v̂c|nk⃗ >
(En − Em − iδ)(En − El + ℏΩ− iδ)

}
.

(7.1)

The conductivity (σc
ab; a, b, c = x, y, z) is a third rank tensor and represents the photocur-

rent J c generated by an electrical field E⃗ via J c = σc
abE

∗
aEb. Here v̂a = p̂

m0
, En = En(k⃗),

and m0, δ = ℏ/τ , τ stand for, respectively, free electron mass, broadening parameter, and

the quasiparticle lifetime. ϕab is the phase difference between driving field E⃗a and E⃗b, i.e.

ϕyz = i for left-circular polarized light propagating in x direction with light-polarization

vector (0, 1, i). It is clear that the real part of the integral in Eq. 7.3 describes the shift

current response under linearly polarized light and the imaginary part of the integral gives

the helicity dependent CPGE.

Next, we analyze the response tensor under time reversal symmetry (T̂ ) and the point

group symmetry. For simple, we define N ≡< nk⃗|v̂a|lk⃗ >< lk⃗|v̂b|mk⃗ >< mk⃗|v̂c|nk⃗ >.

T̂ reverses the velocity and brings an additional minus sign to the imaginary part of N

by the complex conjugation. Thus, in materials with time reversal symmetry, the real

part of the numerator is odd to k⃗ and therefore vanishes in the integral, and hence, only

the imaginary part of the numerator has to be taken into account for calculations on

non-magnetic WSMs. Since there is no current from l = n or m = n, we can separate

the contribution into two parts with respect to band number l and m. The three-band

processes (n → m → l) are given by l ̸= m, and the two-band processes are given by

l = m (two-band transition). By applying the point group symmetry operations to the

numerator N , the third rank conductivity tensor shape can be determined, as can be the

tensor form of the anomalous Hall conductivity and spin Hall conductivity [257].

To see the relations between photocurrent response and the detailed band structure, we
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analyze the energy denominator by decomposing it into real and imaginary parts:

D1 =
1

En − Em − iδ
=

P

En − Em
+ iπδ(En − Em),

D2 =
1

En − El + ℏΩ− iδ
=

P

En − El + ℏΩ
+ iπδ(En − El + ℏΩ),

(7.2)

Since the product of the three velocity matrices is purely imaginary, Im(D1D2) (∼
π P

(En−Em)
δ(En − El + ℏΩ)) gives the shift current response when ϕab is real. Only the

momentum vector with band gap equal to photon energy (|En − El| = ℏw) contributes

to the response under the linearly polarized light. It indicates that the shift current dis-

tributes mainly in some selective small areas in the momentum space. When the incident

photon energy is sufficiently small, the response current only comes from the gap between

two Weyl bands due to the energy selection rule. In the δ = ℏ/τ → 0 limit (long relaxation

time limit, which is valid for semiconductors and insulators), the summation over band

m can be performed analytically via the first-order perturbation correction of Bloch-wave

function [213]. In the end, we obtain the shift vector formula for the shift current density

[213, 252]. The shift vector directly connects the response photocurrent with a charge

center shift between valance and conduction bands, but is quite numerically unstable for

metallic system with a low-frequency driving field, due to the energy delta function and

gauge fix of Berry connection of valence and conduction bands, and is not suited to deal

with scattering processes with finite relaxation time. In a two-band approximation, the

shift current response σa
aa(a = x, y, z) is zero as the velocity numerator N is real (here

l = m, N =< lk⃗|v̂a|lk⃗ > | < nk⃗|v̂a|lk⃗ > |2), in which the velocity va ≡< lk⃗|v̂a|lk⃗ >

is odd to k⃗ due to the time reversal symmetry. Therefore, to calculate the shift current

in real materials properly, one needs to use a multiband approach beyond the two-band

approximation.

For circularly polarized light with helicity dependent term ϕab = i, the dispersive part

Re(D1D2) (∼ 1
(En−Em)(En−El+ℏΩ)

(note relaxation time plays a minor role in CPGE) con-

tributes to the response photocurrent. The absence of δ–function in Re(D1D2) indicates

that there is no specific energy selection rule in the transition. Thus, in contrast to the con-

centrated distribution of the shift current, the CPGE distribution can be rather smeared

out in momentum space. It also indicates that different transition pathways (real and

virtual) contribute relatively equally to the photocurrent, assuming comparable numera-

tors N . Given a large number of three-band virtual transitions, the virtual process might

overwhelm the two-band direct process to induce the photocurrent.

To calculate the second-order photoconductivity in realistic compounds, we obtain
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the density-functional theory (DFT) Bloch wave functions from the Full-Potential Local-

Orbital program (FPLO) [102] within the generalized gradient approximation (GGA) [160].

By projecting the Bloch wave functions onto Wannier functions, we obtain a tight-binding

Hamiltonian with 32 bands, which we use for efficient evaluation of the photocurrent.

For the integrals of Eq. 7.3, the BZ was sampled by k-grids from 200 × 200 × 200 to

960×960×960. Satisfactory convergence was achieved for a k-grid of size 240×240×240

for all three compounds. Increasing the grid size to 960×960×960 varied the conductivity

by less than 5%.

7.3 Result of TaAs

The material TaAs belongs to point group 4mm and has mirror reflections in x and y

directions. Due to the mirror symmetries, the nonzero conductivity elements are limited to

the ones with an even number of x and y, i.e. σz
xx, σ

z
yy, σ

z
zz, σ

y
zy(σ

y
yz), σ

x
zx(σ

x
xz). In addition,

the 42 screw rotation symmetry about z axis gives the relation σz
xx = σz

yy, σ
y
zy = σx

zx.

Therefore, only three independent elements exist, i.e. σz
xx, σ

y
zy and σz

zz. For the shift

current, all three elements matter. For CPGE, only σy
zy is relevant.

Since the photocurrent response arises from both real and virtual band transitions, it

generally has a strong dependence on the incident photon energy. As we are starting from

a relaxation time approximation, the incident photon energy in our calculation should be

above 5 meV (the typical relaxation time δ = ℏ
τ
for metallic system, we use δ = 10 meV

in our calculations). Thus, we focus on the mid-infrared region from 20 meV to 200 meV,

which contains the transitions between Weyl bands. In TaAs, two groups of type-I Weyl

nodes exist : (1) four pairs of WPs, noted as W1, on the kz = 0 plane with energy -23

meV; (2) eight pairs of WPs, noted as W2, out of kz = 0 plane with energy 14 meV. The

shift current shown in Fig 7.2 has a strong peak at photon energy ℏω = 40 meV, around

twice of the energy of in-plane Weyl nodes, and is almost zero below the Weyl node energy

scale in our calculation. This is explained by real transitions from band n to band l in

Fig.7.1, photocurrent is nonzero only when El(k⃗) > 0, En(k⃗) < 0, El(k⃗)−En(k⃗) = ℏω, and
increase when ℏω is decreasing because of the 1

ω2 in the prefactor of Eq.7.3.

For the photon energy dependence of CPGE, the 1/(ℏω)2 behavior is observed in the

region where our approach is valid. Since the energy denominator Re(D1D2 is the disper-

sive part of the second-order optical response, the complex integral is nearly unchanged

in low-frequency regime, leading to a 1/(ℏω)2 dependence due to the prefactor of Eq. 7.3
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7.4 Effect of disorders and fluctuations.

7.4 Effect of disorders and fluctuations.

Next, we discuss the effect of temperature and impurity scattering on the photocurrent

generation. In our calculation, the effect of disorder and fluctuations are taken into account

by the constant relaxation time τ , which is not considered in the shift vector formalism

[187,252]. Since the distribution of shift current in momentum space is quite concentrated

around Weyl nodes, the constant relaxation time would lead to almost the same results

compared with more realistic momentum dependent relaxation time. Another possible

effect on the conductivities comes from the change in the electron distribution. However,

since most of the experiments are carried out at low temperature (kBT = 4.3 meV (T =

50K), which is comparable to δ and much smaller than the frequency of light), we expect

the temperature change in the Fermi-Dirac distribution function does not modify the

conductivity significantly.

Figure 7.3 show the chemical potential dependence of shift current and CPGE, calcu-

lated with different relaxation time. As shown in Fig. 7.3, both terms show only small

dependence on the relaxation time. For shift current σz
zz, the response current is maxi-

mized when Fermi level is adjusted around the Weyl nodes energy, and change only by

20% even if the relaxation time is changed by a factor of 100. For the CPGE σz
yz curve, the

response current is almost unchanged at the charge neutrality point, and does not show

strong dependence on the Weyl nodes energy level.
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Figure 7.2: Photon energy dependence of (a) optical conductivity, (b) shift current
conductivity under linearly polarized light, (c) circular photogalvanic con-
ductivity.
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Figure 7.3: Fermi level dependence of (a) shift current and (b) circular photogalvanic
conductivity at ℏω = 120 meV. Each lines shows the results for different
relaxation time.

7.5 Two- and three-band processes

For given valence band n and conduction band l, the CPGE and shift current should

sum over the real transition (n → l, l = m in Eq. 7.3) and also the virtual transitions

(n → m → l, l ̸= m in Eq. 7.3) for all third bands m. To understand the importance

of virtual transitions, here we separate the two- and three-band process contributions for

the response at incident photon energy ℏω = 120 meV, to investigate which one is more

essential in the photocurrent generation.

As shown in Fig. 7.4(a), the three-band part of CPGE σy
zy is 1825µA/V

2, while the two-

band part is only 75µA/V 2 at the charge neutrality point. We obtain the Jy = 1.2× 10−4

A with only two-band transitions in our method, which matches well with the theoretical

calculated result 1.015× 10−4 A in Ref. [126] via an effective two-band model.

Similarly, for the entire range of Fermi level we calculated, a large contribution to

the photocurrent comes from the three-band processes. The distribution of three-band

contribution for σy
zy is quite dispersed in momentum space, in contrast to the of the

two-band part concentrating around WPs. In total magnitude, the two-band process is

ten times smaller than the three-band process. Taking a closer look into the small area

around W1 WPs, the two-band part solely comes from Ev(k⃗) − Ec(k⃗) = 120 meV, which

is the direct transition between two Weyl bands; while the three-band contribution stay

almost uniformly in the momentum space, implying that virtual transitions have a larger

contribution than the real transitions.

108



7.6 Discussion and comparison with experiments

It should be stressed that the shift current σz
zz is purely a three-band process, as we have

analyzed according to Eq. 1 and have also confirmed in numerical calculations. Therefore,

it is necessary to include a third band for the evaluation of the photocurrent J⃗ parallel

to electric field E⃗. In the momentum space distribution of shift current σz
zz, the nonzero

part is concentrated around the WPs, which shows the absorptive nature of shift current.

Thus, we can conclude that shift current in Weyl system comes from the interplay of Weyl

nodes and third trivial bands when the incident photon energy is at the same scale of the

energy of Weyl nodes.

kx

kx kx

kxkx

ky

(a) (b) (c)

(d) (e) (f)
W1

W2

Figure 7.4: (a) Three-band and two-band part of the Fermi level dependent CPGE
σy
zy at ℏω = 120 meV, (b) Band srtucture in kx direction across the w1

Weyl node; (c) Three-band and two-band contribution of Ωy
zy (CPGE σy

zy

in momentum space) throught the same k path as (b), blue curve is the
band gap between valence and conduction band; (d) Three-band part of
σy
zy(CPGE) in first Brillouin zone; (e) Two-band part of σy

zy(CPGE) in
first Brillouin zone; (f) σz

zz(shift) in first Brillouin zone.

7.6 Discussion and comparison with experiments

We have systematically studied the photocurrent response both for linearly and circularly

polarized lights in type-I WSM TaAs, and show that shift current spectrum has a strong

dependence with Weyl points energy, while CPGE shows a 1/(ℏω)2 behavior in mid-

infrared regime, when the incident photon energy is larger than the smearing energy.

Comparing our calculated results with recent photocurrent experiments, we observe that

the CPGE experiment of TaAs [126] measured σy
zy(CPGE) with the incident photon
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7 Nonlinear optical response

energy ℏω = 120 meV. Our calculated σy
zy is 1900 µA/V 2, gives a photocurrent Jy =

2.1 × 10−3A under the experimental laser power. Taking into account a scaling factor

10−4 determined in experiment [126] and other unspecified decay channels, our results

agree well with the experimental value of 40× 10−9 A. The calculated shift current Jy is

8 × 10−5 A in this setup (4% of the photocurrent from circularly polarized light), which

may possibly explain why shift current was neglected in Ref . [126] that focused on the

CPGE.

Recently the shift current was experimentally studied in TaAs [155] and σz
xx, σ

z
zz, and σ

x
zx

were measured at photon energy ℏω = 117 meV, which is at least an order of magnitude

larger than previously measured materials (e.g. σz
zz(shift) = 0.013µA/V 2 in BaTiO3 with

visible light [252, 261]). Our calculated σx
zx(shift) is 79µA/V 2, in good agreement with

the experimental result σx
zx = 26µA/V 2.

Apart from the above fixed photon energy experiments, it would be interesting to in-

vestigate the frequency dependent photocurrent both for circularly and linearly polarized

light, to verify the 1/(ℏω)2 dependence of CPGE and the peak of shift current for ℏω being

around twice of the WP (W1) energy.

In addition, the calculated SH susceptibility χz
zz and the ratio of χx

zx/χ
z
zz are 6200 pm/V

and 0.3 respectively, which are quite close to the measured value 7200 pm/V and 0.031

at low temperature [230]. Here we present the generalized formula for second harmonic

generation (SHG):

σc
ab =

|e|3

8π3ω2
Re

{
ϕab

∑
Ω=±ω

∑
l,m,n

∫
BZ

d3k(fl − fn)

< nk⃗|v̂a|lk⃗ >< lk⃗|v̂b|mk⃗ >< mk⃗|v̂c|nk⃗ >
(En − Em − 2ℏΩ− iδ)(En − El + ℏΩ− iδ)

}
.

(7.3)

The conductivity (σc
ab; a, b, c = x, y, z) is a third rank tensor and represents the photocur-

rent J c generated by an electrical field E⃗ via J c = σc
abE

∗
aEb. And the second harmonic

susceptibility is given by χc
ab = σc

ab/2iωϵ0 Here v̂a =
p̂
m0

, En = En(k⃗), and m0, δ = ℏ/τ , τ ,
ϵ0 stand for, respectively, free electron mass, broadening parameter, quasiparticle lifetime

and vacuum permitivity. ϕab is the phase difference between driving field E⃗a and E⃗b, i.e.

ϕyz = i for left-circular polarized light propagating in x direction with light-polarization

vector (0, 1, i). The SHG has a similar behavior as the shift current, and we would analysis

the photon energy dependent spectrum in future work.
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7.7 Summary

7.7 Summary

In summary, we have developed a first-principles multiband approach to determine the

photocurrent response from linearly and circularly polarized lights. We have established

that the virtual transitions from Weyl bands to trivial bands play an essential role in

the photocurrent generation process. In general, our method is also useful to study the

nonlinear optical responses in ordinary metallic and insulating materials.
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8 Summary

In this thesis, we have studied the linear response and nonlinear response in periodic

solid systems with Kubo-based formalism and first-principle Wannier Hamiltonian. We

derive and implement an effective formalism to describe charge current, spin current,

and photocurrent response to an external electrical field, temperature gradient, and laser

radiation. We focus on two aspects— linear response: anomalous Hall effect, spin Hall

effect, spin Nernst effect, and spin-polarised charge current; nonlinear response: nonlinear

Hall effect, Berry dipole, and photogalvanic effect under linearly and circularly polarised

light. The target system is mainly topological materials with unconventional low-energy

quasi-particles such as Dirac or Weyl points, and noncollinear coplanar antiferromagnets.

After introducing the numerical method, first, we overviewWSMs. Besides the inversion-

symmetry-breaking nonmagnetic WSM, Weyl fermion would also be realised in a magnetic

system with broken TRS. We predict the fully compensated ferrimagnet Ti2MnAl as a

magnetic WSM, and noncollinear antiferromagnetic Mn3X (X=Ga, Ge, Sn, Rh, Pt, Ir) as

Weyl metals.

Second, we derive the linear response Kubo formula and obtain the Berry curvature

representation for anomalous and spin Hall effects. Further, we extend the expression

to describe the response to an external temperature gradient, i.e. the ANE and spin

Nernst effect. We evaluate several types of materials for the charge and spin current

generation. We determine that the SOC gapped nodal-line is a key contributor to spin

current generation. Illustrating the example of TaAs and IrO2, we propose a p-band

semimetal InBi as the ideal material for spin current generation, which has larger spin

Hall angle and spin Nernst angle compared with Pt.

Finally, we extend the response formula to describe the second-order response, typically

the nonlinear Hall effect from the Berry dipole. We observe that the Berry dipole is

strongly concentrated around the Weyl points in the 3D WSM TaAs family and enhanced

around the topological transition point in two- dimensional MoTe2 andWTe2. To study the

second-order response in the optical region, we develop the resonant Kubo-like nonlinear

response formula-based approach for metallic systems. We analyse various types of electron
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transitions (direct and indirect) in a TRS system and argue that, depending on the type

of photoexcitation (linear or circularly polarised), the transition process that includes an

intermediate band may have a dominant contribution to the nonlinear optical response for

TaAs, which is in contrast with a previous two-band effective Weyl model-based study.

From these results, we observe that, although the quantum and classical response theory

is well established, rich physics remains to be explored on its relation with band topology.

The topological quasi-particles generally yield special and enhanced transport properties,

especially in the nonlinear region, which would lead to broad applications of topological

materials and pave the way for the detection of topological band structures via various

transport measurements. This work has dealt with nonmagnetic materials with TRS for

the nonlinear response region. It would be interesting to study the nonlinear response

in a time-reversal-breaking system and detect the magnetic orientation using nonlinear

signals in the future. Another promising direction is to study the transport properties of

correlated topological systems and determine the direct response signatures.
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P. G., and Böni, P. Topological Hall Effect in the A Phase of MnSi. Phys. Rev.

Lett. 102, 18 (May 2009), 186602.

128



[147] Neumann, J. v., and Wigner, E. P. W. Ueber merkwurdige diskrete eigenwerte.

Phys. Z. 30 (1929), 465.

[148] Nielsen, H. B., and Ninomiya, M. Absence of neutrinos on a lattice: (I). Proof

by homotopy theory. Nucl. Phys. B 185, 1 (July 1981), 20–40.

[149] Niemann, A. C., Gooth, J., Wu, S.-C., Bäßler, S., Sergelius, P., Hühne,
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